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Cell motility is a phenomenon that has intrigued scientists for many years.
Increasingly, researchers realize the need for quantitative analysis of both
the mechanical as well as the biochemical aspects at multiple scales. The
objective of this thesis is therefore to use mathematical and computational
modeling to quantitatively study several specific processes in cell motility.
The reorganization of actin, being the building block of the cell cytoskeleton,
is crucial in driving cell movement. A good appreciation of the biochemical
nature of actin dynamics is essential in the understanding of cell migration.
This was achieved by studying the dynamics of circular dorsal ruﬄes (CDR),
an actin-based structure often seen in growth-factor stimulated migrating
cells. The presence of CDRs has been shown to be the precursor to lamel-
lipodia generation and cell motility. Experimentalists have found that the
appearance of CDRs is often accompanied by the disappearance of actin-rich
stress fibers. While the generation of CDRs can been attributed to the acti-
vation of the Rac, stress fibers have been shown to be stabilized by the pres-
ence of active Rho. I therefore represented the formation of CDRs, starting
from growth factor induced Rac activation interacting with pre-existing Rho
and the associated stress fibers, using a system of partial differential equa-
tions. The numerical simulation results showed that increasing the substrate
stiffness, which led to increased stress fiber formation prior to stimulation, in-
creased the lifetime of the CDR without altering the size of these structures.
A simplified model, which involved Rac and a Rac inactivator, showed that
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the dynamics of CDRs can be likened to wave propagation in an excitable
medium.
The study of CDRs showed that the actin cytoskeleton is highly dynamic,
with many proteins regulating its activity. Yet, cell migration cannot be
reenacted without considering the interaction of forces that drive motion.
An important part of a migrating cell is the lamellipodium, a thin protrusive
portion at the front of the migrating cell. I developed a model of lamellipo-
dial dynamics that incorporated actin polymerization and forces exerted on
the actin cytoskeleton. Through the use of a stretch-sensitive protein that
responded to substrate stiffness, the model showed that the lamellipodium
can exhibit periodic protrusion-retraction cycles, continuous protrusion and
unstable retraction, depending on the substrate stiffness and the relative
amounts of integrin and myosin activation. In particular, periodic behavior
similar to that seen in recent experiments can be achieved when the substrate
is sufficiently stiff.
Studying cell migration is incomplete without looking at how cells move when
interacting with one another, which is usually the case in vivo. Therefore, I
investigated the collective migration of cells on constrained substrates. Using
a lattice-based computational method known as the Cellular Potts Model, I
studied the collective migration of cells as a function of the substrate channel
width and found that the collective migration velocity decreased with increas-
ing channel width. Analysis of the velocity field showed that the component
of the cell velocities perpendicular to the channel’s long axis demonstrated
increasing correlation length with channel width whereas the parallel com-
viii
ponent was unaffected. The decrease in velocity as the adhesive substrate
channel width was increased was found to be a consequence of the ability
of the cell to polarize during motion. This study showed that the study of
collective cell migration can reveal long range migratory behaviour within
tissues which single cell migration would not elucidate.
While many aspects of cell migration still elude us, through these three
projects, I have shown that the actin cytoskeleton is a highly dynamic struc-
ture regulated by a plethora of proteins, such as the antagonistic Rac and
Rho. This, with the help of stretch-sensitive proteins, can enable the lamel-
lipodium of the cell to exhibit different behaviour depending on the substrate
stiffness. Finally, the collective migration of cells showed a dependence of mi-
gration velocity and velocity correlation distance on the size of the substrate.
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1 Introduction and Literature Review
1.1 The impact of cell migration: why study it?
The migration of cells has been a biological phenomenon that has intrigued
scientists, biologists and non-biologists alike, for centuries. With the inven-
tion of the microscope, cell migration was documented in the sixteen hun-
dreds by Leeuwenhoek where he observed microscopic organisms moving in
rainwater via ’little horns’ that extended and contracted [41]. The study of
organisms moving towards chemical targets in their environment quickly be-
came an exciting area of research in the late eighteen hundreds. The careful
study of bacteria response to light and oxygen by Engelmann [64] as well as
the characterization of phagocytosis by Mechnikov [245] were some of the im-
portant works marking the first forays into the complete understanding of cell
motility. Today, with the development of powerful microscopes, experimen-
talists are able to study cell motion in much greater detail. Cell migration
has been found to be important in numerous physiological events. For in-
stance, during embryonic development, cells move in response to chemical
cues to specific regions of the embryo, subsequently generating the appropri-
ate organs in the right locations which are essential for survival [138, 263].
Cells can also migrate towards growth factors which are released by platelets
at the site of trauma to facilitate wound-healing [248, 200]. In the immune
system, phagocytes have been seen to follow fast-moving bacteria through
the modification of their morphology, culminating in the engulfing of the
pathogen and therefore the elimination of the possible threat to the host
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body [185]. In a less beneficial context, cancer cells are known to peel off
from the primary tumour sites and enter the blood stream, only to exit the
vascular system at other locations and give rise to secondary tumours, in a
process known as metastasis [132, 36]. Studies have shown that metastatic
cancers are often life-threatening, with a survival rates dipping to less than
20% in many cancers [28]. Given the numerous applications, it is clear that
an understanding of cell motility is crucial, not just for the development of
strategies to combat conditions arising from incomplete cell migration which
can lead to mental retardation and organ malfunction in infants [49, 111],
but also to provide possible treatments for cancer patients who, on the other
hand, face the problem of migratory cancer cells.
1.2 Structural ingredients for cell motility
Understanding cell motility begins with an appreciation of the components
of a cell. Briefly, the eukaryotic cell is mainly made up of a fluid known as
the cytoplasm, enclosed within a plasma membrane typically composed of
lipids. Genetic material which contains information for cell replication and
cellular function is found in the cell nucleus, another membrane enclosed
compartment in the cell, in deoxyribonucleic acid (DNA)-containing struc-
tures known as chromosomes. The cell transcripts this information into short
ribonucleic acid (RNA) sequences which are transported out of the nucleus
to be interpreted by other organelles in the cytoplasm. One such organelle
is the ribosome, a machine which reads RNA sequences and creates proteins
















Figure 1: Main components of a typical eukaryotic cell. Illustration adapted
from http://www.animalport.com/animal-cells.html.
doplasmic reticulum (ER), a complex network of membrane continuous with
the nuclear envelope. The ER can be divided into two portions: the rough
ER which has ribosomes attached to its surface and therefore takes part in
the synthesis of proteins, and the smooth ER which does not have attached
ribosomes and instead, is involved in the synthesis of lipids as well as the
metabolism of carbohydrates. The packaging of proteins for transport is
typically carried out by the Golgi apparatus. To perform cellular functions,
energy is needed and this is provided by the mitochondria which generates
adenosine triphosphate (ATP), the source of energy in the cell.
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1.2.1 Actin, its polymer and associated proteins
Apart from the organelles mentioned above, the cytoplasm of the cell contains
a vast array of other proteins and structures which maintain the everyday
activities of the cell. In cell migration, the skeleton of the cell, known as
the cytoskeleton, is arguably the structure in the center of activity. While
the cytoskeleton is a complex meshwork of actin filaments, microtubules and
intermediate filaments, the actin cytoskeleton has been identified as the main
player in cell migration. The actin cytoskeleton is generated from the actin
monomer, which is a 42 kDa globular protein (G-actin) that binds ATP and
is highly conserved in the eukaryotic kingdom [193]. The polymerization of
actin into filamentous structures (F-actin) form the actin cytoskeleton which
changes dynamically and therefore generates motility in cells. The process of
polymerization is preceded by nucleation which requires the formation of the
actin dimer. This first step, however, has been shown to be extremely un-
favourable energetically, with actin dimer dissociation equilibrium constants
as high as 5 M [223]. The cell overcomes this obstacle through the use of
actin-nucleating proteins, such as the Arp2/3 complex and its nucleation
promoting factors (NPF). The Arp2/3 complex is made up of seven sub-
units which activate upon binding to NPFs and the sides of existing actin
filaments at an angle of 70◦ [85]. This forms a branching network of actin
filaments usually seen at the front of migrating cells [1, 16, 15]. On the other
hand, formins, a separate class of actin-nucleating proteins, do not require
pre-existing actin filaments for activation. Experiments suggest that formins
can stabilize the actin dimer during nucleation [199] by direct binding. This
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leads to the formation of unbranched actin networks which are often seen
in stress fibers and filopodia [102, 119, 194]. Upon stable actin dimeriza-
tion, the actin filament is elongated by addition of actin monomers at the
fast-growing barbed end of the actin filament [165, 239] where the ATP is
located. Actin elongation is a tightly regulated process which requires coor-
dination among a vast array of actin binding proteins. For instance, capping
proteins prevent the elongation of actin filaments by blocking the addition
of new monomers at the barbed end [264]. Gelsolin, on the other hand, can
sever actin filaments, therefore regulating the length of actin filaments but
at the same time increasing the rate of actin dynamics [74, 236]. Actin elon-
gation can also be reduced by increasing the rate of depolymerisation of the
adenosine diphosphate (ADP) loaded end, also known as the pointed end,
of the actin filament which can be achieved by the actin-depolymerization
factor (ADF) and cofilin [264, 194]. Apart from proteins which hinder actin
filament elongation, other proteins promote actin network growth by stabi-
lizing the actin filament, for instance myosin [32], or increasing the pool
of ATP bound actin monomers, for instance profilin [61]. A third class
of actin-binding proteins keep the actin monomers in a sequestered form,
such as beta thymosins [264, 61, 214]. This facilitates rapid changes in the
actin cytoskeleton without the need for protein transcription, which is typi-
cally a much slower process. Aside from experiments, the dynamic nature of
the actin cytoskeleton has been intensively investigated using mathematical
models. Edelstein-Keshet and Ermentrout looked at the effect of polymer-
ization/depolymerization rates as well as filament fragmentation rate on the
length distribution of F-actin [67], with an extension into biological context
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in an accompanying study [74]. They found that the combination of different
effects could lead to intermediate peaks in the length distribution which were
not observed when the factors were studied individually. In another paper,
Civelekoglu and Edelstein-Keshet [46] studied the dynamics of the actin cy-
toskeleton in a constrained space (for instance the cell) and found that in
order to see the results observed experimentally, the branching and filament
orientation cannot be random, which was also shown in Atilgan’s model [13].
Mogilner and colleagues, on the other hand, studied the effect that the actin
filament on the cell membrane and proposed the elastic Brownian ratchet
model for the interaction of the filament with the membrane [163, 166, 167]
in which an explicit relation between the velocity of the membrane and the
force exerted by the actin filament was derived. This model has been sub-
sequently used to by other researchers to represent the interaction between
the cell membrane and the barbed ends of the actin network [267, 273, 72].
In another approach, Gov and colleagues study the fluctuations of the cell
membrane which contains proteins that promote actin polymerization and
diffuse along the membrane in a curvature-dependent manner [226, 103, 104],
and are able to predict wavelike motion of the membrane which have been
seen in experiments. In a continuum approach, Prost’s group modelled the
actin network in the lamellipodium as an incompressible gel and were able
to generate the retrograde flow of actin observed by experimentalists, as well
as predict the force distribution from the leading edge to the rear of the
lamellipodium [137]. Other works, however, represented the actin network
as an interconnected system of cylinders to represent actin filaments and
crosslinking proteins [153, 130]. Kim et al. [130] found that using such a
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structure, the actin network behaved as a viscoelastic material much like
what has been observed by experimentalists [133, 275]. They also found that
the actin cross-linking proteins were responsible for the elastic nature of the
actin cytoskeleton, which can be made even more elastic by prestressing the
filaments and therefore, pre-orientating the filaments along the direction of
stress.
1.2.2 Myosin: powering motility
While the actin cytoskeleton forms the foundation upon which motility can
be achieved, migration is very much a mechanical process that requires force
generation. This can be achieved by motor proteins and of particular interest
is the ubiquitous non-muscle myosin II. The non-muscle myosin II molecule
consists of two heads which bind to actin and enable movement by ”walking”
on the actin cytoskeleton through ATP hydrolysis [256]. The non-muscle
myosin II is especially prevalent along bundled actin filaments, which run
across the cell, known as stress fibers. Studies have shown that non-muscle
myosin II is responsible for the contractility of the rear end of a migrating
cell [256] and more recent work suggest that myosin generated forces can
influence the rate of protrusion of the leading edge of the cell [98, 99].
1.2.3 Integrins provide the foothold
In the same manner that friction provides the anchor upon which humans
can pivot their bodies to propel themselves forward, the cell requires pro-
7
Figure 2: Actin polymerization begins with nucleation, aided by Arp2/3
(green discs) or formins (dark blue discs). Polymerization occurs by addition
of ATP loaded actin monomers (white circles) to the barbed ends of the actin
filaments. As the actin filament ages, the ATP is hydrolyzed to form ADP-
actin (red circles). Capping proteins (light blue circles) prevent the addition
of actin monomers to the barbed ends while ADF/cofilin (yellow triangles)
increase the rate of depolymerization at the pointed ends. The binding of
profilin (black circles) to ADP-actin monomers catalyzes the exchange of
ADP for ATP. Figure adapted from Ref. [194].
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teins which bind them to its extracellular environment such that myosin
generated forces can lead to an overall shift of the cell centroid. An exam-
ple is the integrin dimer which is a transmembrane protein that binds to
the actin network, usually indirectly via a complex aggregation of other pro-
teins, and the extracellular matrix [117]. Studies have shown that integrins
assemble into focal contacts which mature into focal adhesions under suitable
conditions [42, 44], such as the presence of activated RhoA. A more recent
study by Alexandrova et al. [3] showed that focal adhesions are first initiated
in the lamellipodium, which agrees with the results presented by Sheetz’s
group [98, 99], and cause a reduction in the retrograde flow of actin. When
the flow of actin was inhibited, the adhesions did not mature but instead
dissociated, suggesting that the adhesion strengthening requires mechanical
feedback from the connected actin cytoskeleton. This is further investigated
in Wolfenson’s study [265], which showed that the kinetic constants of pro-
teins associated with focal adhesions were altered when actomyosin contrac-
tility was attenuated, leading to focal adhesion disassembly. Apart from
mechanical factors, the maturation of focal adhesions have also been shown
to be regulated by the focal adhesion kinase (FAK). The phosphorylation of
FAK at Tyr397 leads to the recruitment of other proteins to FAK to form
a complex which causes downstream signalling events that culminate in the
maturation of the focal adhesion [161, 247, 187].
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1.3 Achieving single cell motility
1.3.1 Beginning with protrusion: lamellipodium, filopodium, cir-
cular dorsal ruﬄes and blebbing
To successfully create motion of the cell, the different ingredients must assem-
ble at the right locations and at the right time, as illustrated in Figure 3. Cell
protrusion at the front can be achieved by a combination of actin-nucleating
factors and actin, both monomeric and filamentous. Depending on the nucle-
ating proteins present, different types of actin protrusion structures can be
formed. In the presence of Arp2/3 complexes, a thin two-dimensional (2D)
sheet of branched actin network is formed, known as the lamellipodium [206].
The activation of Arp2/3 by WAVE/WASP family of proteins which are lo-
calized at the membrane [206] leads to the nucleation of new actin branches
on the existing actin cytoskeletal network, which has been suggested to drive
the membrane forward by the elastic Brownian ratchet mechanism [163].
Other actin-binding proteins have been shown to play a role in the stabi-
lization of the actin network by cross-linking the filaments, such as cortactin
and α-actinin [206, 42]. Another type of actin protrusion often seen is the
filopodia. These are unbranched actin spikes usually nucleated by formins,
such as mDia2 [85, 157]. In contrast with lamellipodia protrusion, filopo-
dia protrusion is thought to occur by the addition of actin monomers to the
barbed ends of existing actin filament bundles without the need for new nu-
cleation, complemented by the depolymerisation of the pointed ends of the
actin filaments which continuously supplies the cytosol with actin monomers.
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This process is commonly known as treadmilling [164]. The elongation of
filopodia by polymerization is enabled by Ena/VASP proteins [152, 157, 158]
which prevents the capping of the barbed ends of the actin filaments and
also binds to profilin, therefore increasing the local concentration of actin
monomers and heightening the rate of actin polymerization. The lamel-
lipodium and filopodia work in concert to generate effective cell protrusion:
while the lamellipodium can push a long stretch of the cell membrane and
induce growth in a particular direction through localization of Arp2/3 com-
plexes, filopodia can extend and probe the extracellular environment, serving
as sensors to provide feedback to the cell in order to guide the direction of
cell migration [206].
Another interesting phenomenon seen in migrating cells are circular dorsal
ruﬄes, which form ridges on the surface of cells and have been shown to
be actin-rich [31]. While the exact function of these structures is yet to be
known, they have been implicated in various cellular processes which includes
cell migration [136]. A study by Suetsugu et al. showed that circular dorsal
ruﬄes require the activation of WAVE complexes, which are involved in the
activation of Arp2/3 [235]. This suggests a possible role for circular dorsal
ruﬄes in affecting actin-based cell migration. It is likely that circular dorsal
ruﬄes can tune the level of actin monomers in the front of the cell, therefore
regulating directed cell motility. The formation and regulation of circular
dorsal ruﬄes will be further investigated in this thesis.
In another mode of cell protrusion known as blebbing, the cell membrane
is pushed outwards by an increase in hydrostatic pressure in the cell, often
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achieved by increase in contractility in the actin cytoskeleton, also known as
the actin cortex, which lies under the cell membrane through the introduc-
tion of myosin [39, 38, 79]. This causes the cell membrane to detach from the
actin cortex and form a blister-like protrusion into which the cytosol can flow
and the actin cortex can reform at the new membrane location. Through per-
sistent bleb formation in a certain direction, the cell can migrate effectively,
usually guided by chemical signals [38, 79].
1.3.2 Stabilising protrusions with adhesions
Following protrusion of the membrane at the front, the cell stabilizes the
protrusion by generating adhesions to the extracellular environment through
the use of integrins. A study by Choi et al. [42] showed that the formation
of nascent adhesions occurs along the leading edge in a myosin-independent
manner. These early adhesions, also known as focal contacts, are comprised
mainly of the integrin heterodimers (the α and β subunits) which can activate
at the front of the cell in response to signals such as increase in active Rac
concentration [93]. The maturation of nascent adhesions into focal adhesions
can occur as a result of increased tension due to myosin activity [107, 265]
and also the clustering of other focal adhesion proteins at the site of adhesion
such as the focal adhesion kinase (FAK) and other Src kinases [206, 186, 261].
Studies have also shown that the maturation of focal contacts into large focal
adhesions can be modulated by the substrate stiffness [190, 101, 258]. This
has led to the development of models predicting the mechanism of focal














Figure 3: Proteins assemble at the right place at the right time to enable
cell motility. (A) At the leading edge, Arp2/3 causes actin branching and
polymerization in the lamellipodium while at the same time, (B) filopodia are
nucleated by formins and the actin filaments are held in bundles by bundling
proteins. Nascent adhesions are formed at the leading edge as precursors of
focal adhesions. As the newly-formed actin network in the lamellipodium
gets pulled towards the nucleus, some nascent adhesions disassemble while
others mature into (C) focal adhesions, forming the interface between the
lamellipodium and the lamella, the latter being a less dynamic actin network
arising from the retrograde flow of actin cytoskeleton from the lamellipodium.
As the focal adhesions form, stress fibers originating from the focal adhesions
are stabilized by myosin II, forming actomyosin bundles. During growth
factor stimulated motility, (D) circular dorsal ruﬄes (seen here from the
side, therefore forming an upward protrusion) form on the dorsal surface of
the cell via WAVE-mediated Arp2/3 actin polymerization. Figure was drawn
by Tanny Lai.
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the cell are increased [188, 224, 234, 4]. A particular model by Shemesh et
al. couples the stresses in the migrating cell to the formation of nascent
adhesions which, in turn, alters the stress field in the cell [225]. By doing so,
the authors were able to explain the generation of the boundary between the
rapidly changing lamellipodium and the less dynamic lamellum as a result
of the maturation of focal adhesions.
1.3.3 Deadhering the rear
To finally achieve migration, the cell needs to release the focal adhesions at
the rear of the cell which were formed at an earlier time. In cases where the
cell forms strong adhesions with the substrate, increasing the rate at which in-
tegrins were detached from the cell led to an increase in the cell speed [181].
It was also found that strong focal adhesions required calpain, a protease
which aids in the severing of the integrin-cytoskeletal linkage, for release
from the cell to allow the cell to move forward. Interestingly, cell speed has
been observed to be highest at intermediate levels of adhesiveness [182, 181].
Through a kinetic model, Palecek et al. were able to explain the mechanisms
which lead to different modes of cell detachment from the substrate [180]:
when the focal adhesions are small and weak, cell rear detachment occurs by
the breakage of the bonds formed between integrins and the substrate; when
the focal adhesions are strong, the integrins cannot be separated from the
substrate and therefore cell rear detachment occurs through the ripping of
integrins from the cell, which can be enhanced through calpain. Other works
suggest that microtubules can aid in the detachment of the cell rear by the
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delivery of Rho GEFs upon microtubule deploymerization [135], which in-
creased the myosin contractility and therefore the amount of tension exerted
on the focal adhesions at the rear [29]. Studies have also shown that FAK
and the Src-associated proteins are also involved in adhesion disassembly and
turnover, with less breakdown of adhesions at the cell rear in FAK or Src-null
fibroblasts [261].
1.3.4 Experimental models used for the study of single cell mi-
gration - keratocytes and fibroblasts
The fish keratocyte is a common model used for studying cell motility due
to its rapid motility and its thin and prominent lamellipodium which makes
the latter easily demarcated during experiments. Studies have shown that
the initiation of cell motility in the stationary keratocyte is achieved through
myosin II activity, with a reduction in initiation events seen in cells which
have been subjected to blebbistatin treatment or had Rho-associated protein
kinase inhibited [268]. Analysis of the shape of the keratocyte shows that its
shape is largely unchanged during its motion [109], with different shapes lead-
ing to significantly varying migratory patterns [128]. With the vast amount
of experimental information available [228, 238, 229, 237, 246], modeling of
the keratocyte became the next step towards understanding and prediction
of cell migration. One of the earlier models of lamellipodium-based motil-
ity in the keratocyte is the graded radial extension (GRE) model [145, 144],
which predicts that the protrusion/retraction of the cell occurs along the
cell margin but at different rates therefore leading to cell locomotion in a
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preferred direction while maintaining the cell shape. The model, although
simplistic and phenomenological in nature, was able to provide a mechanis-
tic understanding of whole cell motion, which cannot be achieved through
experiments only. Through the use of both experiments and mathematical
modelling, researchers have been able to derive more sophisticated models
which include dynamic actin network formation coupled with mechanistic
forces [109, 128, 274, 156], thus generating a more complete picture of the
mechanism behind keratocyte motility.
Another commonly studied motile cell is the fibroblast, which migrates at a
reasonable rate and has been implicated in cancer due to its ability to interact
with its extracellular environment [126, 90]. Through experiments, it has
been found that fibroblasts migrate using lamellipodial extensions, coupled
with myosin II generated contractility which takes part in both lamellipodial
generation and rear-end retraction. Apart from the lamellipodium, actin is
also found in thick bundles known as stress fibers, which typically run along
the long axis of the cell. Studies have shown that stress fiber formation is
a consequence of Rho activation of mDia1 and Rho-associated kinase [127,
205, 191, 173, 32]. Early work by Burridge’s group showed that contractility
is necessary for formation of Rho-induced stress fibers [44], accompanied
by aggregation of integrins which form focal adhesions. In an interesting
study performed on osteosarcoma cells, Hotulainen and Lappalainen [119]
analysed the different types of stress fibers and reaffirmed that stress fiber
formation requires mDia1, which then associated with myosin II, the latter
found to be essential in the stabilisation and preservation of stress fibers. As
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a result of these thick bundles of actomyosin structures, the fibroblast exerts
large amounts of forces on the substrates and, the cell being a dynamic
subject, could react to substrates with varying mechanical properties. To
study the forces exerted, experimentalists have devised a method know as
traction force microscopy [54, 169, 19, 213], in which fluorescent markers
are embedded within pliable substrates during the fabrication process, which
translate as the cells are migrating. This allows the forces exerted by the
cells to be calculated in real-time through monitoring of the displacement
of the markers. A study by Wang’s group found that by using substrate
of varying stiffness, they were able to guide the cell to migrate into the
region with higher stiffness accompanied by an increase in the traction forces
detected [151]. Using the same method for detection of forces, they also found
that the lamellipodium exerts the most amount of force on the substrate
which the authors postulate that is likely due to myosin bundles within the
lamella [54].
1.3.5 Theoretical models developed for single cell motility
With the increase in quantitative methods for studying cell motility, the mod-
eling of cell migration has gained significant ground since simulations can now
be verified by experimental results. An early attempt at modeling of cell lo-
comotion studied the effect of receptor-ligand dynamics at the adhered area
on the migration of a viscoelastic cell [57]. With the introduction of asym-
metrical distribution of receptor/ligands to emulate cell polarity, the authors
were able to produce a biphasic relationship between cell migration speed
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and receptor density, which was later observed experimentally by Palecek et
al. [182]. Palecek also attempted to model cell migration, but as a function
of the type of receptor-ligand bond. Depending on the relative strength of
the integrin-substrate bond to the cytoskeleton-substrate which were repre-
sented by Bell’s model [18], the authors predicted that when the attachment
between the integrins and the substrate is strong, it is the linkage between
the integrins and the cytoskeleton that breaks and this occurs slowly [180].
Conversely, weak adhesion leads to rapid bond severing between integrins and
substrate, which was also seen in the experiments by the same group [181].
A myriad of computational and mathematical methods have been used to
model the whole cell, such as the immersed boundary method which repre-
sents the cell as a fluid field enclosed within a closed membrane modeled as
connected springs, which then respond to another fluid field representing the
extracellular fluid [26, 174, 122]. Such a model is especially useful in study-
ing the advection of cells in a moving fluid. Other discrete models include
finite element methods [209] and lattice based methods [217, 189]. Contin-
uum models have also been used to model the movement of intracellular
components and therefore the effect on cell motility [105, 139, 252, 254, 253].
Other models have incorporated the dynamics of the actin cytoskeleton by ex-
plicitly considering polymerization/depolymerization of F-actin, stress fibers
and cell-subtrate adhesion [234, 55, 195, 211]. Taking another approach,
Kozlov and Mogilner [134] considers the energy requirements as a result of
cell polarization and use the model to study the motion of fragments of fish
keratocytes. The model predicts that the state of motion of cell fragments
is bistable without external stimulus: stationary or translating. To convert
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from one state to the next, a stimulus is needed to overcome the energy bar-
rier due to the rearrangement of cytoskeletal structure and other intracellular
components. Such a prediction is consistent with experimental results [255]
and demonstrates the importance of mathematical modeling in understand-
ing the physical principles which lead to the experimental observations. To
study more physiological scenarios, Zaman et al. looked at the migration of
cells in a three-dimensional matrix [270]. Instead of modeling a cell shape,
they studied the translation of the cell centroid as a function of the forces
due to adhesion, drag through a viscoelastic medium and lamellipodial pro-
trusion. They found that, similar to the two-dimensional case, the speed
is biphasic with respect to adhesiveness of the cell to the extracellular ma-
trix. However, there is no information on the cell shape and modification of
the extracellular environment by the cell, which could have an effect on the
pattern of migration.
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network of points and
solved using the finite
element method).
Cell migration studied as a function of stress fiber formation coupled with
contractility. Stress fiber formation concentrated at the focal adhesions,
consistent with experimental observations
[55]
Cell migrates due to adhesion attachment and detachment. Migration
speed increased linearly with rate of bond breaking. Migration speed was
largely constant at high fluid bulk modulus values. Contact length of cell
decreased with increasing membrane stiffness.
[209]
Multiscale simulation that includes effects of actin polymerization, ad-
hesion, network elasticity, actomyosin contractility. Model developed to
investigate minimal ingredients for cell migration. Cell shape and motil-
ity found to require only protrusion and adhesion at the front, myosin at







immersed in a fluid
lattice).
Cell membrane connected to substrate using springs. Model developed
was able to reproduce experimental observations, thus verifying the ac-
curacy of the model.
[26]
Model of cell migration with Dembo’s model for cell-substrate interac-
tion. Cells were seen to roll along substrate, with bond lifetime decreasing
with increased shear rate and increased membrane stiffness. Presence of
a nucleus led to increased bond lifetime, therefore decreasing the rolling
velocity. Larger cells were also found to roll faster as bonds break more
readily.
[122],[174]
Level set method. Boundary of cell shifted as a function of actin, myosin, and integrins.
Space was discretized and represented by a lattice. Ruﬄing found to be
dependent on the external friction. Increasing the propensity for integrin




Thermodynamic model of the cell membrane to study switching between
polar and symmetric cell shapes. Energy profile found to be stable at two
different cell shapes and motility state: either disk-shaped and stationary
or crescent-shaped and motile. The transition from one state to the other
requires the cell to overcome an energy barrier, which depended on the
ratio of intracellular tension to normal forces.
[134]
Cell displacement calculated as a function of forces due to polymerization,
myosin, and integrins. Velocity profile as a function of cell-substrate
interaction was found to be biphasic, similar to that in experiments.
Modification of parameters did not abolish this biphasic phenomenon.
[105]
Cell centroid motion due to interaction between 3D matrix and cell.
Biphasic dependence of cell migration velocity on cell-matrix interaction
similar to that seen in 2D cell migration. Cell migration velocity found
to increase with asymmetry.
[270]
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1.4 Collective cell migration
Cells do not reside alone in the physiological context and similarly, cell mi-
gration often occurs collectively. This can be seen in morphogenesis, wound-
healing, and cancer metastasis [88, 120, 208]. Researchers have found that
while collective cell migration makes use of the same basic cell machinery
required for single cell migration, ie actin polymerization, motor proteins
which generate the forces required for the cell to translate, and adhesion
to the substrate via integrins, the former requires much more cooperation
between cells, especially for directed migration [120, 192].
1.4.1 Migration in three dimensions (3D)
A popular model that has been used in studies of collective migration in de-
velopmental biology is the migration of border cells in the fruit fly Drosophila
melanogaster ovary. Researchers have found that border cells form a cluster
of about 6 to 10 follicle cells, surrounding two less motile polar cells, and can
migrate along the large nurse cells, which form the majority of the egg cham-
ber [208, 23, 88], towards the posterior. Studies have shown that the migra-
tion of these cells depend on Rac-dependent actin activity [170, 66], adhesion
mitigated by E-cadherins [175] which can be mediated by JNK signalling [150]
and non-muscle myosin II [70]. Note that these are also necessary ingredi-
ents in single cell motility, therefore reinforcing the notion that collective cell
migration is an extension of single cell motion. To lead to guided motion,











Figure 4: Cells often exhibit collective migration in physiology. This can
occur as (A) a sheet on a two-dimensional substrate such as in wound-
healing, or in three-dimensional extracellular matrix in (B) the Drosophilia
melanogaster overy, and in (C) cancer metastasis. Figure is adapted from
Ref. [88]
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facor receptor and the epidermal growth factor receptor have been shown to
be especially important [66, 23] in sensing the amount of chemoattractant
released by the oocyte which lies on the posterior end of the egg chamber.
In addition, Bianco’s work suggests that there is cooperation between cells
which sense different amounts of chemoattractants to ensure that the entire
group of cells move in the right direction [23]. Apart from development,
multicell motility is also seen in cancer invasion. Some studies have shown
that matrix metalloproteases play important roles in breaking down of the
surrounding extracellular material so as to facilitate invasion [171, 97]. In-
terestingly, Gaggioli’s work showed that the remodelling of the extracellular
material can be performed by leading fibroblasts [90], which form tracks for
the squamous cell carcinoma cells to follow. This allows cancer cells which
have not transformed into mesenchymal-type cells, which are often more mi-
gratory and solitary in nature compared to epithelial-type cells, to move out
of the primary tumour site [208, 88].
1.4.2 Migration of sheets
Another area of collective cell migration is the migration of two dimensional
(2D) cell sheets, for example skin wound healing. In particular, the in vitro
wound-healing assay is a common model used for the study of epithelial
cell sheet migration due to its close resemblance to physiological healing.
Studies show that the epithelial cells at the front of the layer often ex-
tend lamellipodium which pull the cells and therefore the layer of cells for-
ward [113, 82, 176, 201]. This movement was found to be Rac-dependent but
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independent of Rho and Cdc42 [83], again demonstrating the importance of
actin remodelling, in this case Rac-induced, in migration. At the same time,
the translation of the cell sheet was a result of not just the leading row of
cells but also the subsequent few rows behind the margin, as inhibition of the
first row of cells did not stop motility [83]. This was also shown in Farooqui
and Fenteany’s study where lamellipodial-like protrusions were observed for
multiple rows of cells at the front of the cell sheet [82]. In recent studies,
the particle image velocimetry (PIV) method was used to obtain the veloc-
ities of the cells, and show that cells in the front were moving faster than
those further back [201, 192], especially in fingers of cells. Interestingly, in
Madin Darby canine kidney (MDCK) cells, the velocities appear to be corre-
lated, resulting in swirling groups of cells which are seen throughout the cell
sheet [192]. This correlation was found to perservere up to about 150 µm,
which is approximately five cells wide. An interesting study by Tambe et al.
found that the local cell velocities were oriented in the direction of maximum
principal stress and local intercellular shear stresses were minimized [243].
The authors repeated the experiment on breast cancer cells and found that
when intercellular adhesion was blocked, the correlation between force ex-
ertion and migration velocities was lost, thus suggesting the importance of
cell-cell adhesion, not just physical contact, in enabling the transmission of
forces and therefore alignment of cells in a sheet.
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1.5 Thesis overview
Achieving a wholesome understanding of cell migration is clearly a study at
different scales. To do that, I will first begin with a study at the molecular
level, followed by a subcellular investigation, and finally a simulation of many
cells at the tissue level. In the first study, I will look at circular dorsal ruﬄes,
a ring-like protrusion often seen on the surface of migrating cells which have
been shown to be actin-rich. Through studying circular dorsal ruﬄes, I
will gain an understanding of how external cues, such as growth factors and
substrate stiffness, can be translated into molecular signals affecting the actin
cytoskeleton and therefore cell motility. In particular, I will look at how the
activation of Rac, a Rho family GTPase often found in the lamellipodium of
migrating cells, can lead to the remodelling of the actin cytoskeleton through
the combined activation of Arp2/3 and deactivation of Rho, a Rho family
GTPase responsible for the formation of focal adhesions, therefore leading
to the subsequent disassembly of stress fibers. While protein signalling is an
integral part of cell motility, migration is intrinsically a mechanical process
involving the transmission of forces. This will be investigated in the second
project, which aims to look at the interaction of forces exerted on the actin
network in the lamellipodium and how the substrate stiffness can affect the
translation of the actin network and cell migration. As cells often migrate in
groups in confined spaces in the physiological setting, I will wrap up with a
study of collective cell migration on a two-dimensional constrained substrate.
This would allow us to observe the behaviour of interacting cell motion, which
can differ from single cell motion. Thus, through these three studies, I aim to
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A B
Figure 5: Circular dorsal ruﬄes are often seen on growth factor stimulated
cells. (A) A scanning electron micrograph of a human fibroblast five minutes
after stimulation with platelet-derived growth factor shows a ridge on the
surface of the cell. Inset: higher magnification. (B) An NIH 3T3 fibrob-
last fixed five minutes after stimulation and stained for cortactin (green),
dynamin (red), and F-actin (blue). Note the colocalization of all three pro-
teins on the ruﬄes and the absence of stress fibers (blue) within the ruﬄes.
Figures are taken from Ref. [31].
understand the phenomenon of cell migration, whether single or collective,
and the interactions of molecules and forces which can bring about the motion
of cells.
1.5.1 Part I: Investigating actin dynamics in circular dorsal ruﬄes
In the first study, the phenomenon of circular dorsal ruﬄes will be investi-
gated. Circular dorsal ruﬄes are a common feature of migrating cells which
have been stimulated into motility by growth factors (See Figure 5). As
mentioned in Section 1.3.1, these transient structures have been shown to be
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actin-rich and have been implicated in cell motility [136]. Since substrate
stiffness has been shown to affect cell migration [151], I will study the effect
of substrate rigidity on circular dorsal ruﬄes. First, I will explain the genera-
tion of circular dorsal ruﬄes as a function of diffusing and interacting proteins
and lipids which lead to the nucleation and formation of the actin network
that forms the backbone of circular dorsal ruﬄes. Through simulations, I
will show that the lifetime, but not the size, of circular dorsal ruﬄes is de-
pendent on the stiffness of the substrate, which is consistent with the results
obtained from experiments [272]. I will also discuss circular dorsal ruﬄes as
a marker for Rac activation, as opposed to stress fibers which are typically
Rho activated structures. I will also use an analytical approach to explain
the transient nature of circular dorsal ruﬄes, that is the rapid growth upon
growth factor stimulation, followed by a stationary phase with no change in
the size of circular dorsal ruﬄes, and ending with a rapid decay. Through
this study, I aim to understand the molecular factors which can affect the
formation of actin-rich structures such as stress fibers and lamellipodium.
1.5.2 Part II: A mechano-chemical study of lamellipodial dynam-
ics
With an appreciation of actin dynamics from the first study, I will move to
a mechano-chemical model of lamellipodial dynamics driven by actin poly-
merization and force balance between myosin, integrins and the shear force
due to fluid flow in the lamellipodium. Here, I will study the oscillatory
behaviour in the lamellipodium described by Giannone et al. [98, 99]. I
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will also use the model developed to predict the lamellipodium’s response to
different substrate stiffnesses through a stretch-sensitive protein which stim-
ulates the clustering and thus strengthening of the integrin-based adhesions.
I will show that the lamellipodium can exhibit three kinds of behaviour, de-
pending on the amount of myosin and integrin, both myosin-dependent and
stretch-sensitive-protein-dependent, activation. When the myosin activation
is strong with repect to integrin activation, the lamellipodium will tend to
retract rapidly. This can be induced by a soft substrate, which leads to non-
activated stretch-sensitive proteins that do not increase integrin activation,
which agrees with experimental results [98]. On the other hand, when myosin
activation is low relative to integrin activation, the lamellipodium protrudes
continuously. Oscillatory behaviour in the lamellipodium is achieved only
when myosin activation is high enough to cause a retraction in the actin net-
work, which leads to the lamellipodium falling back, but not so high that the
lamellipodium detaches from the substrate before the actin network breaks
as a result of high tension due to myosin and integrins exerting forces in
opposite directions. I will summarize the results in a phase diagram that
reflects the interplay between myosin activation, myosin-dependent integrin
activation, and the substrate stiffness which results in the three different be-
haviours. This study brings us closer to understanding the factors which can
affect single cell migration.
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1.5.3 Part III: Collective migration on a contrained substrate
From the previous study, it can be seen that without a suitable substrate
on which the cell can adhere on, the lamellipodium is unable to strengthen
the nascent adhesions and this leads to a failure to migrate. With that in
mind, I will investigate the motility of a collection of cells on a constrained
substrate. Here, I will use the Cellular Potts model ,which is a lattice-based
computational model commonly used to study tumour growth and systems
of migrating cells, to represent the cells. I will consider the elastic energy
due to the cell area, the cell-cell adhesion energy, the cell-substrate adhesion
energy, and effect of cell polarization. The in silico experiments begin with a
monolayer of cells seeded at a constant height in adhesive substrate channels
of varying widths. I show that cells which are allowed to migrate in a thinner
channel of adhesive substrate will advance up the substrate faster than cells
in a wider channel, which agrees with experimental results. In addition, the
cells are seen to move in a swirling fashion, especially in wider channels.
The extent of polarization of the cell during motility was shown to be the
major contributor to the variation in velocity with adhesive substrate channel
width. Such emergent behaviour in collective cell migration shows that single
cell migration, although the driving force behind collective cell migration,
is unable to fully predict the behaviour of a group of cells migrating and
adhering to each other.
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1.5.4 What have we learnt?
Together, these three studies show that cell migration begins with the alter-
ation of the actin cytoskeleton, which can be affected by the external environ-
ment either through chemical cues or mechanical factors. The remodelling
of actin is achieved through a complex signalling pathway involving many
proteins, in particular the Rho family GTPases. During this process, the
actin network in the lamellipodium is renewed which can be accompanied
by the generation of circular dorsal ruﬄes. Studying circular dorsal ruﬄes
allowed us to appreciate the antagonism between Rac and Rho, as well as
the dynamics of actin remodelling in the cell which is crucial in cell migra-
tion. However, it is important to remember that cell migration is after all
a mechanical phenomenon and therefore can be regulated by the substrate
stiffness. Indeed, the study of lamellipodial dynamics showed that varying
the substrate stiffness can lead to different types of lamellipodial behaviour,
and this can be achieved through a stretch-sensitive protein. While the cell
is the basic unit of motility, collective cell migration in the physiological con-
text can exhibit interesting phenomenon. The last study on collective cell
migration on constrained substrate is a clear example of how changing the
geometry of the substrate can affect the velocity of migration as well as the
correlated behaviour in a two dimensional cell sheet.
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1.5.5 Publications
The following are publications arising from these 3 projects: The study of
circular dorsal ruﬄes described in Section 1.5.1 have been written up as an
article and published in the November 2011 issue of the Biophysical Journal:
1. Y. Zeng*, T. Lai*, C. G. Koh, P. R. Leduc, and K.-H. Chiam. Inves-
tigating Circular Dorsal Ruﬄes Through Varying Substrate Stiffness and
Mathematical Modeling. Biophysical Journal, 101(9):2122-2130, 2011.
where I am a co-first author. In addition, this article was selected as one of
the featured articles in that issue of the journal.
The study of lamellipodial protrusions described in Section 1.5.2 has also
been written up as a article and has been published in the December 2011
issue of Physical Review E:
2. T. Lai, K.-H. Chiam. Mechanochemical model of lamellipodial dynamics
during cell migration. Physical Review E, 84(6):061907, 2011.
The investigation of collective cell migration on constrained substrates is be-
ing prepared for publication, while part of the analyses I carried out on the
experimental results from my collaborators has been submitted for publica-
tion in the Proceedings of the National Academy of Sciences.
3. S. R. K. Vedula, M. C. Leong, T. Lai, P. Hersen, B. Ladoux, C. T.
Lim. Emerging modes of collective cell migration induced by geometrical
constraints. Proceedings of the National Academy of Sciences, submitted,
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2011.
4. T. Lai, C. T. Lim, K.-H. Chiam. In silico study of collective cell migration
on constrained substrates. In preparation.
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2 Part I: Investigating the effect of substrate
stiffness on circular dorsal ruﬄes through
mathematical modeling
2.1 Circular dorsal ruﬄes: overview and biological im-
pact
The investigation of cell migration often begins with the simple observation
of moving cells. While mammalian cells can exhibit a basal non-zero state
of motility, enhanced migration can be incurred through chemical signals
such as growth factors [6, 7, 34]. The introduction of growth factors has
been shown to trigger the reorganization of the actin cytoskeleton, there-
fore creating motility [205, 15]. Apart from the generation of lamellipodial
protrusions, other actin-based structures have also been observed in moving
cells, such as the circular dorsal ruﬄes (CDRs). These are actin rich struc-
tures formed on the dorsal surface of many mammalian cells after stimula-
tion with various growth factors such as the platelet-derived growth factor
(PDGF) [159, 160, 244]. CDRs form in a ring-like manner on the dorsal
surface of stimulated cells (thus the term circular dorsal ruﬄes or circular
membrane ruﬄes) [159, 9, 12]. Furthermore, protrusion of the dorsal sur-
face of the plasma membrane has been observed at CDRs, and is thought
to be driven by polymerization of the branched actin filament network [56].
CDRs are dynamic and transient in nature, transversing along the dorsal
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membrane and disappearing within tens of minutes after growth factor stim-
ulation [136]. Less frequent occurrences of CDRs in tumor cells as compared
to normal cells suggest that these structures might play an important role in
cancer progression [179].
While the functions of CDRs have not been conclusively established, they
are generally believed to be involved in aiding cell motility [20, 232, 154] by
providing large scale reorganization of the actin cytoskeleton [116, 16, 136].
In particular, cells that exhibit CDRs after PDGF stimulation have been
observed to possess a higher degree of lamellipodial protrusions compared
to cells that do not [136]. In addition, it has been suggested that CDRs
aid in the process of macropinocytosis [110], which allows the cell to inter-
nalize extracellular material including molecules and other particles such as
cell fragments [80] efficiently. Cells that exhibit CDRs show an increase in
macropinocytosis activity [63, 259], and macropinosomes form at the site
where CDRs disappear on the membrane surface. A third function of CDRs
is the sequestration and internalization of receptor tyrosine kinases (RTK)
after cell stimulation with ligands. This plays an important role in the mod-
ulation of growth factor initiated signaling events, which govern various cel-
lular processes such as cell invasion, motility and mitosis [110]. When cells
which express epidermal growth factor (EGF) receptors tagged with green
fluorescence proteins are stimulated with EGF, it was observed that the EGF
receptors localized within CDRs before being internalized from the cell mem-
brane [179]. This suggests that the constriction of CDRs could bring together
the RTKs to a singular point on the membrane, facilitating their subsequent
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internalization into the cell.
2.1.1 Motivation and objectives
While CDRs have been long observed in cells [212, 118, 110], little is known
about the mechanism of their formation. It has been observed that stress
fibers which formed in fibroblasts seeded on fibronectin substrates disap-
peared in the vicinity of CDR formation [31, 162]. This suggests an antago-
nistic relationship between stress fibers and CDRs which could be a result of
interactions among signalling proteins known to be involved in growth factor
stimulated motility and stress fiber formation, such as Rac and Rho [32, 241].
Since stress fibers formation has been shown to be modulated by substrate
stiffness [58, 269], the apparent involvement of stress fibers in the generation
of CDRs suggests that substrate stiffness could be a mode of control of CDR
dynamics. However, in most of the studies on CDRs, cells are cultured on
glass substrates [136]. In this study, I quantitatively investigate the effect
of varying stiffnesses on the dynamic properties of CDRs, such as their life-
times and sizes. In addition, I examine the mechanisms of formation of CDRs
through the use of mathematical models to explain the changes in the CDR
dynamics, both numerically and analytically.
2.2 Experimental methods
The experiments were carried out by my collaborator, Zeng Yukai. For com-
pleteness, the experimental methods have been included in this thesis.
37
2.2.1 Preparation and characterization of elastic substrates
By varying the base to curing agent ratio in polydimethylsiloxane (PDMS)
(Dow Corning Corp., Midland, MI, USA; No.: Sylgard 184) the resulting
elastic modulus [30, 11] can be modified by changing the ratio of the cross-
linking chains. Young’s modulus values of 20, 50, 250 and 1800 kPa were
obtained using ratios of 60:1, 50:1, 30:1 and 10:1 silicone elastomer base to
curing agent, respectively. The mixtures were cultured in tissue culture plates
and degassed under vacuum to remove any bubbles before curing overnight
at 60◦C. Cells were seeded on these three different elastomeric substrates
as well as on glass substrates as a control. Characterization of the PDMS
substrates was done using a tensile test [190, 143, 149]. The flexibility of
PDMS substrates with different base to curing agent ratios was determined
by stretching sheets with dimensions of 100 mm x 20 mm x 1 mm with a
known force F . The elastic modulus was subsequently calculated according
to E = (F/A)/(∆l/l), where A is the cross-sectional area of the sheet, l and
∆l are the original length and change in length of the sheet in the direction
of the applied force respectively.
2.2.2 Cell culture
To prepare PDMS substrates for cell culture, the surfaces were first sterilized
using ethyl alcohol (190 proof, 95%, ACS/USP grade; PHARMCO-AAPER,
Inc, Brookfield, CT, USA; No: 111USP190). Phosphate-buffered saline
(PBS; Fisher Scientific International, Inc, Hampton, NH, USA; No: BP399-
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500) at a 10x solution was diluted to 1x with deionized water, filtered, and
used as a buffer solution. The PDMS substrates were coated with fibronectin
(10 µg/mL PBS; BD Biosciences, San Jose, CA, USA; No.: 39410) for 60
min. NIH 3T3 fibroblasts were washed once with PBS and then exposed
to trypsin-ethylenediamine-tetraacetate (0.05%, Invitrogen Co., Carlsbad,
CA, USA; No.: 25300) for 5 min to dissociate them from the tissue culture
plates. The cells were then seeded onto the PDMS substrates and cultured
at 37◦C and 5% carbon dioxide in growth media consisting of Dulbecco’s
modified Eagle’s medium supplemented with 10% calf serum, glutamine (0.3
mg/mL), streptomycin (100 µg/mL), penicillin (100 U/mL), and 20 mM N-
2-hydroxyethylpiperazine- N’-2-ethanesulfonic acid at a pH of 7.4. Cells were
incubated for 24 h to allow them to attach and spread. The cell culture me-
dia was replaced with media supplemented with 0.2% calf serum to allow the
cells to be serum starved. 30 ng/mL of recombinant PDGF-BB (Peprotec;
Invitrogen) was added to each sample. A sample was prepared for each of
the PDGF-BB stimulation time intervals (2.5 min, then 5 min to 50 min at 5
min intervals), and for each of the four PDMS substrate stiffness values (20
kPa, 50 kPa, 250 kPa and 1800 kPa), as well as on glass, before immediately
fixing and staining them.
2.2.3 Fluorescent staining and visualization
To visualize the cytoskeletal structure of the cells using fluorescent immunos-
taining, the cells were fixed with 4% paraformaldahyde and treated with 0.1%
Triton-X, followed by staining with 6 µM phalloidin-tetramethylrhoda-mine
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B isothiocyanate (Sigma-Aldrich Co, St. Louis, MO, USA; No.: P1951)
and DAPI (40,6-diamidino-2-phenylindole, dihydrochloride; 2 µg in 1 mL
PBS; Invitrogen Corporation, Carlsbad, CA, USA; No.: D21490), which la-
beled the actin filaments and the nucleus, respectively. After incubating the
cells with phalloidin and DAPI, they were mounted on glass coverslips with
Fluoromount-G (SouthernBiotech, Inc., Birmingham, AL, USA; No.: 0100-
01). By using an inverted fluorescent microscope (Zeiss, Axiovert 200) with
a 63x (1.4 Numerical Aperture) objective, the actin filaments and nucleus of
the NIH 3T3 fibroblasts were imaged.
2.2.4 Data analysis
The surface area of the plasma membrane enclosed by a CDR in the images
was calculated using the ImageJ (National Institutes of Health). We traced
the perimeter of a CDR in the images that were captured with our CCD
camera, and determined the area by the pixels within the traced region.
Through this approach, we also calculated the perimeter of the CDR, as well
as the major and minor axis values of the best fit ellipsoid to the CDR, which
is a function of NIH ImageJ. The persistence time of CDRs in cells cultured
on a given substrate was based on the time interval after PDGF stimulation
whereby the sample had no visible CDRs that could be identified. Cells were
observed to exhibit mostly one CDR at any one time.
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2.2.5 Results from experiments: CDR size is independent of sub-
strate stiffness but CDR lifetime increases with substrate
stiffness
The actin distribution in the cells before and after PDGF stimulation on
different substrates is shown in Figure 6. On the left column (panels A-
E), cells before PDGF stimulation contained stress fibers and do not appear
to contain CDRs. However, the right column (panel F-J) shows cells with
CDRs forming 5 min after PDGF stimulation. The CDRs are actin ring-
like structures, which cover a significant percentage of the projected area
in an image of the entire cell. We examined the time dependence of CDR
characteristics and if this was affected by substrate stiffness. To quantify the
dynamics of CDRs, their geometries were monitored over time for substrates
with controlled stiffnesses. A representative response is shown in Figure 7
for cells seeded on glass (panels A-C) and 50 kPa substrate (panels D-F) for
times 10, 20 and 30 min after PDGF stimulation. To quantify average CDR
size, four parameters were used: the average projected area enclosed by the
CDRs (Figure 8A), the average ring perimeter (Figure 8B) and the average
lengths of the major and minor axes (Figure 8C and D, respectively), which
was accomplished through fitting the shapes of the CDRs to an ellipsoid,
which is a function of NIH ImageJ. A total of 30 CDRs were observed for
each of three cell populations, for each substrate, and at each time interval.
For all cases of cells seeded on substrates with different stiffnesses, including
on glass, the average size of the CDRs quantified by the four parameters
mentioned above increased quickly from 0 to 2.5 min. Between 2.5 to 20
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min, the average size of the CDR rings showed no discernable differences
between the cell populations on all four substrates with differing stiffnesses.
After 20 min, the observed CDR size for all cell populations started to decline.
No CDRs were detected for cell populations on the 20, 50, 250 and 1800 kPa
substrates after 25, 35, 40 and 45 min respectively. In addition, no CDRs
were found in any of the cell populations seeded on glass substrates after
45 min. While the maximum size of CDRs was not affected by substrate
stiffness (as shown in Figure 8), the lifetime of CDRs appeared to increase
with increasing substrate stiffness.
2.3 Development and results of mathematical model
2.3.1 Development of mathematical model
To understand the dependence of the size and lifetime of CDRs on substrate
stiffness, a mathematical model of the signaling cascade which has been
suggested to be involved in CDR formation under PDGF stimulation was
constructed. This signaling cascade is summarized in Figure 9. Past litera-
ture shows that upon PDGF stimulation, the phosphatidylinositol 3-kinase
(PI-3 kinase) is activated which phosphorylates phosphatidylinositol (4,5)-
bisphosphate (PIP2) on the plasma membrane, thus forming phosphatidyli-
nositol (3,4,5)-trisphosphate (PIP3) [14]. This causes the Rac guanine nu-
cleotide exchange factor (RacGEF) to localize to the membrane, which pro-
motes the activation of the small GTPase Rac [115]. Excessive PIP3 forma-










Figure 6: Stiffness based comparison of CDRs formed in cells. Cells stained
for F-actin before (A-E) and after (F-J) 5 min of PDGF stimulation. Cells
were seeded on substrates with stiffnesses of (A,F) 20 kPa, (B,G) 50 kPa,
(C,H) 250 kPa, (D,I) 1800 kPa and on (E,J) glass. (Bars, 10 µm). Figures







Figure 7: Time based comparison of CDRs formed in cells seeded on (A-C)
glass and on (D-F) 50 kPa PDMS substrates. The CDRs shown were taken
of cells which had undergone (A,D) 10, (B,E) 20 and (C,F) 30 min of PDGF
stimulation (Bars, 10 µm). Figures courtesy of Zeng Yukai.
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Figure 8: Quantification of the size of CDRs observed in cells. The (A) area,
(B) perimeter and (C) major and as well as (D) minor axes of the best fit
ellipsoid to the CDRs are shown. 30 CDRs were analyzed in each of the three
cell populations studied. The bars denote one standard error (n=3). Figures
courtesy of Zeng Yukai.
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complex, resulting in the dissociation of the WAVE1 complex [235, 69], ren-
dering the WAVE1 protein available for binding with Arp2/3 [242], which
promotes the nucleation of actin filaments, leading to generation of actin fil-
aments close to the membrane. The activation of Rac can be regulated by
RacGAPs. Studies have demonstrated the existence of RacGAPs which can
bind to WAVE associated proteins, such as the 3BP-1 (which can bind to
Abl, a protein in the WAVE1 complex) [45, 204]. Therefore, I suggest that
the activation of a RacGAP which can bind to WAVE1, which will be re-
ferred to as WGAP in this paper, provides a feedback mechanism to prevent
the overactivation of Rac, which I will show later is required for the ring-like
structure of CDRs. A specific example of WGAP is the WAVE-associated
RacGAP (WRP) found in neurons [230]. Rac can also be regulated by and, in
turn, regulates the stress fiber promoting small GTPase, Rho. Activated Rac
binds and activates p190B Rho GTPase-activating protein (RhoGAP), lead-
ing to a reduction in Rho activity [33]. Activated Rho, on the other hand, can
be an antagonist to Rac by activation of the Rho-associated protein kinase
(ROCK), which causes the activation of the RacGAP, FilGAP [178]. Acti-
vated Rho is also known to encourage the formation of stress fibers at focal
adhesions by (i) the activation of the Rho-associated protein kinase (ROCK)
which increases phosphorylation of myosin light chains (MLC) by the inac-
tivation of myosin light chain phosphatase (MLCP), and reduces levels of
activated cofilin (Cof) through LIM kinase (LIMK), both of which preserves
the stress fibers formed at focal adhesions, and (ii) the activation of mDia1
which is required for the nucleation of stress fibers [127, 32]. Increased activa-
tion of Rho can be a result of increased phosphorylation of the focal adhesion
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kinase (FAK), which activates the RhoGEF, p190RhoGEF [247], which has
been observed in cells seeded on stiffer substrates [89, 129]. This would also
result in an increase in the initial amount of stress fibers before PDGF stimu-
lation. This suggests that increasing the substrate stiffness would result in an
increase in the amount of stress fibers seen before the cells were subjected to
PDGF stmulation. To justify this assumption, my collaborator analysed the
ratio of F-actin to the total amount of F-actin and G-actin in the cells before
PDGF stimulation using inverted fluorescence microscopy and it was shown
that there was indeed an increase in the ratio of F-actin as the substrate
stiffness was increased, shown in Figure 10.
These interactions can be written in the form of mass action and Michaelis-
Menten kinetics to form a set of coupled ordinary differential equations.
In addition, I assume that these interactions occur in three separate non-
interacting compartments: extracellular, membrane, and cytosolic. Within
each compartment, the individual protein species can diffuse. Certain pro-
teins, when activated, become bound/unbound from the membrane and take
on the diffusive behaviour of proteins in the membrane compartment (namely,
PI-3 kinase, PTEN, RacGEF, Rac, WAVE1, WGAP, RhoGAP, Arp2/3, F-
actin which make up the stress fibers and CDR actin). Therefore, with the
inclusion of compartments and protein diffusion, my mathematical model
comprises a set of coupled partial differential equations. Because the CDRs
tend to take on a circular shape, azimuthal symmetry was assumed and I
solve the system in the radial dimension only, using the region of PDGF
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Figure 9: Summary of events leading up to CDR formation from PDGF
stimulation for generation of the complete model. The reduced model is
constructed from the events enclosed within the dashes. References for these




















Figure 10: F-actin ratio for varying substrate stiffnesses. F-actin ratio ob-
tained using inverted fluorescence microscopy on whole cells. The bars denote
one standard error. Figure courtesy of Zeng Yukai.
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with the exact mathematical forms of the reaction terms given in Table 2
and the parameters used in the simulations in Table 3. Additional abbre-
viations used include MLCP-P which stands for phosphorylated (inactive)
myosin light chain phosphatase, MLCK which stands for myosin light chain
kinase, F-actin which stands for stress fiber actin, G-actin which stands for
monomeric actin, and D-actin which stands for dorsal ruﬄe actin. Subscripts
of proteins refer to the state of the protein; a : activated , c : cytosolic
(inactive). The equations were solved in MATLAB (The Mathworks, Inc.,
Natick, MA) using the PDE solver ‘pdepe’, which discretizes the equations












1−→ PDGFRa + PI–3Ka
PI–3Ka + PIP2































7−→ ROCKa + LIMKa
LIMKa + Cofa














































Table 2: Reaction terms for different species in mathematical model. e:
extracellular compartment ; m: membrane compartment ; c: cytosolic com-
partment.
No Cpt Name Reaction terms
1 e PDGF2 −k1[PDGF2][PDGFR] +
k−1[PDGF2–PDGFR]
2 m PDGFR −k1[PDGF2][PDGFR] +
k−1[PDGF2–PDGFR]




4 m PDGFRa k2[PDGF2–PDGFR]
2 − k−2[PDGFRa]





















9 c PTENc −k3[PIP2][PTENc] + k−3[PTENa]
10 m PTENa k3[PIP2][PTENc]− k−3[PTENa]
11 c RacGEFc −k4[RacGEFc][PIP3] + k−4[RacGEFa]
12 m RacGEFa k4[RacGEFc][PIP3]− k−4[RacGEFa]


















k5[WAV E1c][Raca] + k−5[WAV E1a] −
k12[RhoGAPc][Raca] + k−12[RhoGAPa]
15 c WAVE1c −k5[WAV E1c][Raca] + k−5[WAV E1a]
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16 m WAVE1a k5[WAV E1c][Raca] − k−5[WAV E1a] −
k9[WAV E1a][Arp2/3] + k−9[Arp2/3a]





19 c RhoGAPc −k12[RhoGAPc][Raca] + k−12[RhoGAPa]
20 m RhoGAPa k12[RhoGAPc][Raca]− k−12[RhoGAPa]














23 c ROCK −k6[RhoAa][ROCK] + k−6[ROCKa]
24 c ROCKa k6[RhoAa][ROCK]− k−6[ROCKa]











29 c mDiac −k7[RhoAa][mDiac] + k−7[mDiaa]
30 c mDiaa k7[RhoAa][mDiac] − k−8[mDiaa] −
k8[G–actin][mDiaa] + k−8[F–actin]
31 c MLCP −kcat,9[ROCKa][MLCP ]
km9 + [MLCP ]
32 c MLCP–P
kcat,9[ROCKa][MLCP ]
km9 + [MLCP ]











35 c G–actin −k8[G–actin][mDiaa] + k−8[F–actin] −
k10[Arp2/3a][G–actin] + k−10[D–actin]
36 m F–actin k8[G–actin][mDiaa]− k−8[F–actin]
37 m D–actin k10[Arp2/3a][G–actin]− k−10[D–actin]
38 c Arp2/3 −k9[WAV E1a][Arp2/3] + k−9[Arp2/3a]
39 m Arp2/3a k9[WAV E1a][Arp2/3] − k−9[Arp2/3a] −
k10[Arp2/3a][G–actin] + k−10[D–actin]
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40 c RhoGEF −k11[FAKpi][RhoGEF ] + k−11[RhoGEFa]
41 c RhoGEFa k11[FAKpi][RhoGEF ]− k−11[RhoGEFa]





Table 3: Parameters used in mathematical model
RxnParameters Values References
1 k1 , k−1 0.7 nM−1 s−1 , 1.0 s−1 Park et al [184]
2 k2 , k−2 0.122 µM−1 s−1 , 0.00122 s−1 Park et al [184]
3 kcat,1 , km1 1.0 s
−1 , 100 nM Estimated
4 kcat,2 , km2 1.0 s
−1 , 200 nM Gamba et al [92],
Naoki et al [172]
5 k3 , k−3 50 µM−1 s−1 , 0.1 s−1 Gamba et al [92]
6 kcat,3 , km3 0.5 s
−1 , 200 nM Gamba et al [92],
Naoki et al [172]
7 k4 , k−4 5 µM−1 s−1 , 50 s−1 Naoki et al [172]
8 kcat,4 , km4 1.0 s
−1 , 100 nM Naoki et al [172]
9 k5 , k−5 1 µM−1 s−1 , 1 s−1 Estimated
10 kcat,5 , km5 1.0 s
−1 , 100 nM Estimated
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11 kcat,6 , km6 0.1 s
−1 , 10 nM Naoki et al [172]
12 k6 , k−6 1 µM−1 s−1 , 1 s−1 Estimated
13 kcat,7 , km7 2 s
−1 , 3.1 µM Turner et al [249]
14 kcat,8 , km8 1 s
−1 , 1 µM Sakumura et al [215]
15 k7 , k−7 0.5 µM−1 s−1 , 0.003 s−1 Lammers et al [140]
16 k8 1 µM
−1 s−1 Estimated
17 k9 , k−9 1 µM−1 s−1 , 1 s−1 Estimated
18 k10 , k−10 1 µM−1 s−1 , 1 s−1 Estimated
19 kcat,9 , km9 2.4 s
−1 , 0.1 µM Besser et al [21]
20 kcat,10 , km10 21 s
−1 , 10 µM Besser et al [21]
21 kcat,11 , km11 10 s
−1 , 20 µM Besser et al [21]
22 k11 , k−11 1 µM−1 s−1 , 1 s−1 Estimated
23 kcat,12 , km12 1 s
−1 , 1 µM Estimated
24 kcat,13 , km13 1 s
−1 , 1 µM Estimated
25 kcat,14 , km14 1 s
−1 , 1 µM Estimated
26 k12 , k−12 1 µM−1 s−1 , 1 s−1 Estimated
27 kcat,15 , km15 1 s
−1 , 1 µM Estimated
57
2.3.2 Rac-Rho antagonism tunes the level of actin available for
stress fibers and CDRs
There is evidence that increasing substrate stiffness can raise the amount
of active FAK [89, 129]. Since FAK is involved in the formation of stress
fibers which are composed of actin, I propose that the modulation of CDR
lifetimes by the substrate stiffness occurs through alteration of FAK con-
centration in the cell. Prior to PDGF stimulation, the spreading of the cell
and thus FAK activation results in the activation of Rho which, via the ac-
tivation of ROCK, leads to the activation of RacGAP. Therefore, activated
Rho generates the inactivation of Rac. Since active Rho leads to down-
stream activation of mDia1 and active Rac leads to downstream activation of
Arp2/3, the presence of mDia1-nucleated stress fiber formation and absence
of Arp2/3-nucleated CDR before stimulation was observed, as shown in Fig-
ure 6,A-E. However, upon addition of PDGF, Rac gets activated and causes
the downstream activation of RhoGAP, leading to the inactivation of Rho.
This causes the loss of mDia1-nucleated stress fibers formation and increase
in Arp2/3-nucleated CDR formation. By increasing the substrate stiffness,
there is heightened FAK activation, causing increased stress fiber formation
before PDGF stimulation. This effectively sequesters a large amount of actin
monomers which can be released into the G-actin pool when required. Once
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stimulated by PDGF, the stress fibers dissociate and the higher amount of
stress fibers initially present on stiffer substrates leads to higher amount of
actin monomers released, thus generating increased replenishing of the G-
actin pool which increases the lifetime of the CDR. The results from solving
the mathematical model using different amounts of FAK are shown in Fig-
ure 11. In panel A, the size and lifetime of CDRs are shown for different
concentrations of activated focal adhesion kinase (FAK), while panels B and
C depict the distribution of CDR versus time for two different concentra-
tions of FAK. As mentioned previously, since activated FAK has been shown
to increase with substrate stiffness [89] which leads to increased stress fiber
formation prior to PDGF stimulation, the increase in life time of CDRs as
the FAK concentration is raised (as shown in Figure 11A) is representative
of increased CDR lifetime as substrate stiffness is raised. This also agrees
with the experimental results. This suggests that CDRs and stress fibers can
be used as markers to observe the antagonism between Rac and Rho which
govern the competition between the two types of actin: Arp2/3-nucleated



































T = 10 min
T = 20 min
T = 40 min
T = 10 min
T = 20 min
Figure 11: Simulations results for the effect of FAK concentration on CDRs.
(A) Variation of radius of CDRs with time for different FAK concentrations.
(B) CDR formation at T = 10 min and 20 min for [FAK] = 1 nM. Note that
no CDR is observed at T = 40 min. (C) CDR formation at T = 10 min, 20
min, and 40 min for [FAK] = 10 nM.
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2.3.3 Negative feedback by WGAP results in actin ring instead
of actin patch formation
My simulations, with the initial condition of PDGF being introduced uni-
formly throughout but that the PDGF receptors are assumed to occupy a
small localized patch at the origin, led to rapid phosphorylation of PIP2 to
PIP3 which propagated away from the point of stimulation gradually, due to
the low diffusivity of membrane elements, while maintaining the location of
its peak at the origin. The localization of PIP3 close to the front of a cell sub-
jected to a uniform PDGF stimulation has been shown experimentally [221],
which agrees with the simulation results. Activated Rac that localized to
PIP3, however, formed a peak which travelled away from the origin quickly
and attained a stable spatial location before moving towards the origin again
while decaying at the same time, which led to CDR actin behaving in the
same manner. This would resemble the generation of a CDR from a point
into its ring-like structure. The mathematical model revealed that formation
of the ring-like structure was a result of the negative feedback provided by
WGAP. The high amounts of WAVE1 activated by the locally stimulated
PDGF receptor is likely to have caused a spike in activated WGAP, resulting
in a decrease in activated Rac at the site of stimulation. This can be ob-
served in Figure 12,E-H, which showed a growing region of actin centered at
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the origin that decreased in height at later times, in contrast with the ring
generation in the presence of WGAP, represented in Figure 12,A-C as single
peaks centered away from the origin (note that in Figure 12D, no peak is
seen as the CDR has completely decayed).
2.3.4 Multiple CDRs spread and merge into a single CDR
To study the scenario when two or more CDRs interact, the simulations
were repeated with two localized patches of PDGF receptors to initiate two
CDRs. The individual CDRs grow rapidly and merge to form a single CDR.
A representative response is shown in Figure 12,I-L. This can be understood
as a phenomenon in excitable media (see below), where the passing wave
leaves behind a refractory region in which a subsequent activation is not pos-
sible [251]. Thus, as two distinct CDRs approach each other, they annihilate
each other since neither one can cross the refractory region behind the lead-
ing edge of the approaching wave, where the Rac recently became inactive
and cannot yet activate. Thus, multiple CDRs would converge to form one
large CDR instead of forming a chain of intersecting CDRs. In fact, imaging


































































































Figure 12: Simulation results for the effect of WGAP and multiple PDGF
receptor aggregates on CDRs. The variations of [CDR actin] in radial space
in the presence of WGAP at (A) T = 10 min, (B) T = 20 min, (C) T =
30 min, and (D) T = 40 min following PDGF receptor activation at the
origin are shown. The single peak in [CDR actin] is seen to travel away
from the origin, illustrating a growing ring of CDR actin. In the absence of
WGAP, similar plots are shown in (E)-(H). Note that without WGAP, the
peak amount of [CDR actin] is elevated and centered at the origin, which
translates to a patch of CDR actin that grows in size. Lastly, the variations
of [CDR actin] following PDGF receptor activation at the origin and at radial
coordinate of 7.5 µm is shown at (I) T = 2 min, (J) T = 4 min, (K) T = 8
min, and (L) T = 20 min. Note that only one peak is seen at later times,
indicating that only one CDR actin ring is formed.
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2.3.5 CDR actin propagates as an excitable wave
Finally, I propose that Rac and WGAP play key roles in the formation of
CDRs and thus, I can write down a reduced model to describe the interaction
between Rac and WGAP. The inactivation of Rac by WGAP is paralleled
to an enzymatic reaction which requires the activation of WAVE1 and is in
turn activated by Rac. Close examination of the results of the complex model
shows us that the concentration of activated WAVE1 changes proportionately
with activated Rac. Since the inactivation of Rac by WGAP requires both
active Rac and active WAVE1, this reaction can be simplified to be a co-
operative enzymatic reaction with a Hill coefficient of two by substituting
WAVE1 with active Rac. Here, I use the Hill’s equation to phenomenologi-
cally represent the inactivation of Rac by WGAP. The activation of WGAP
can be simplified to a Michaelis-Menten-type reaction. At the same time,

































V3X(Yt − Y )
Km3 + Yt − Y
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where T and R represent the time and radial dimensions, and X and Y
represent active Rac and WGAP respectively. The parameters V1 and Km1
characterize the enzymatic activation of Rac following PDGF stimulation, V2
and Km2 characterize the enzymatic deactivation of Rac by WGAP, V3 and
Km3 characterize the enzymatic activation of WGAP following Rac activa-
tion, Xt and Yt denote the total Rac and WGAP present, and D represents
the diffusion coefficients of Rac and WGAP, taken to be the same in this
study. By introducing non-dimensional quantities x = X/Xt,y = Y/Xt,



































F (x, y) =
v1(1− x)








km3 + yt − y .
Here, km1 = Km1/Xt, km2 = Km2/Xt, km3 = Km3/Xt, v1 = V1/Xt, v2 = V2
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and yt = Yt/Xt. In this reduced model, I assume that actin concentration will
be proportional to Rac concentration and hence to x. Numerical analysis of
this reduced model shows that x forms a ring that grows and shrinks in time,
observed as a single peak in CDR actin concentration that moves radially
away from the origin then towards the origin. This justifies the choice of Rac
and WGAP as key proteins responsible for the ring-like structure and the
dynamics of CDRs.
A phase diagram depicting the kinetics of the reduced model with equal val-
ues for Xt and Yt (such that yt = 1) and suitable parameters in a homogenous
solution such that diffusion can be neglected is shown in Figure 13A. The




F (x, y) = 0 and G(x, y) = 0. It is clear that y = yt is the non-trivial
solution for G(x, y) = 0. The Jacobian can be evaluated by taking the partial




































































0 0.8 10.2 0.4 0.6
Figure 13: Phase diagram and time plots for Rac and WGAP, depicting the
variation of Rac and WGAP with each other and in time respectively. (A)
Nullclines of F (x, y) = 0 and G(x, y) = 0 in gray solid line and gray dashed
line respectively. The arrows indicating the dynamics of Rac and WGAP
(the gray arrows on the F (x, y) = 0 nullcline are scaled to 1000 times of the
black arrows). The stable steady state is indicated by the star. The solid
black curve depicts the rapid return of Rac and WGAP (from their values at
the light gray dot) to their steady state values when WGAP is only slightly
decreased from its steady state value. The dashed black curve protrays a
typical course of excursion upon PDGF stimulation, where active Rac and
active WGAP are both low as indicated by the dark grey dot. (B) Variation
of Rac and WGAP with dimensionless time, with an initial state equivalent
to that represented by the dark grey dot in panel A. WGAP attains the value
of [WGAP]t at a much later time due to the slow dynamics of WGAP.
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β = Tr J = − (A+B + C)
γ = det J = C(A+B)
δ = β2 − 4γ = (A+B + C)2 − 4C(A+B)
= (A+B − C)2
For a stable steady state, the discriminant of the Jacobian (δ) must be posi-
tive, the trace (β) must be negative and the determinant (γ) must be positive.
Since A, B and C are positive (v1, v2, V3, km1, km2, km3, yt and x are all
positive), all criteria are fulfilled. Therefore, the steady state solution is sta-
ble. This can also be observed in Figure 13A, where all possible paths lead
back to the steady state. Using a small value of V3, I can create an excitable
system which displays two types of behaviour depending on the magnitude
of the deviation of WGAP from its steady state value:
• When WGAP deviates slightly from its steady state value regardless
of the amount of Rac present, the system quickly returns to its stable
steady state as can be observed in Figure 13A by the solid black path.
This indicates that upon attaining a state of high WGAP and low
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Rac (usually in the later part of PDGF stimulation), disturbances to
the system caused by increasing Rac via additional PDGF stimulation
would not result in CDR formation as Rac is quickly inactivated.
• A large deviation in WGAP from its steady state, however, can trigger
a rapid growth of Rac while WGAP remains almost constant. This
is reminiscent of PDGF stimulation, where the cell begins with a low
value of WGAP and Rac (achieved by the absence of PDGF, where V1
is zero, resulting in no formation of Rac or WGAP). The rapid growth
of Rac is halted when the amount of Rac approaches the value where
F (x, y) is close to zero, therefore starting the slow phase of the kinetics,
where Rac remains almost constant while WGAP increases slowly. The
next fast phase of the kinetics is initiated when WGAP is suitably high,
once again causing Rac to evolve much faster than WGAP. The plot
of Rac and WGAP versus time is depicted in Figure 13B for the path
traced out by the dashed black curve in Figure 13A. To achieve such a
behaviour, the value of WGAP must be sufficiently low. This critical
value of WGAP is indicated by the largely unchanging portion of the
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]
Given that the value of km2 is small (note that km2 governs the deacti-
vation rate of Rac due to WGAP), the value of y can be approximated
to be v1/v2. In this study, the ratio used was 0.5.
In a heterogeneous solution, the presence of diffusion results in the possibility
of a travelling pulse solution. To illustrate this, a moving frame was intro-
















+G(x, y) = 0. (4)
Rac and WGAP are now functions of ξ, with c denoting the velocity of the
moving frame. Therefore, as seen in Figure 13B, Rac takes on largely two
values during its evolution: x+ ≈ Ract and x− ≈ 0. This implies that should
a non-uniform solution be created for Rac, it would resemble a front which
serves as an interface between the two regions. With a suitable choice of c, I
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can create a moving frame that travels with the moving front such that the
front appears stationary in the moving frame. Since the value of Rac is almost
stationary in the slow regions which is most of the time in these experiments
in the evolution of Rac and WGAP, this velocity of the moving frame c, and
therefore the moving front, is dependent on the amount of WGAP present.
Moving out of the moving frame, this implies that a front/pulse in Rac
created from x+ and x− would grow then shrink as the value of WGAP
changes with time, therefore the rate at which CDRs grow/shrink as well as
the maximum size that CDRs attain should largely depend on parameters
affecting the amount of WGAP present, such as the activation rate of WGAP
and the total amount of WGAP, both active and inactive, present in the
cytoplasm. The above analysis shows that the growth and decay of CDR
actin can be explained as pulse propagation in an excitable media, in which
a wave is able to propagate in a non-linear dynamical system, which is the
excitable media.
The finding that through the modification of the underlying substrate stiff-
ness of cell populations, CDR kinetics after cell stimulation with PDGF can
be controlled, has implications which are related to the functionalities of
CDRs within a cell. For example, since it has been hypothesized that CDRs
aid in cell migration [116, 16] through large scale actin network reorganiza-
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tion, reduced CDR kinetics could mean that the actin network is reorganized
less quickly, which could affect cell motility potential. Also, since cells which
exhibit CDRs might have a role to play in macropinocytosis [63, 259], dif-
fering CDR kinetics could affect the rate at which this process occurs. As
CDR formation might aid in RTK sequestration and internalization after cell
stimulation with ligands [179], reduced CDR dynamics would likely result in
a reduced rate of these processes.
2.4 Conclusion
This study investigated how varying PDMS substrate stiffness affects CDR
properties after PDGF stimulation of NIH 3T3 fibroblasts. To accomplish
this, the cells were seeded on three PDMS substrates with differing stiffnesses
as well as on glass substrates. It was found that an increase in the underlying
substrate stiffness of these cells increased the lifetime of CDRs but not their
size. Mathematical modeling of the signalling pathways demonstrated that
the increase in lifetime of CDRs with increasing substrate stiffness was an
effect of the antagonism between Rac and Rho, as Rac activation coupled
with increased substrate stiffness led to heightened disassembly of stress fibers
as a result of Rac-induced deactivation of Rho. The rise in G-actin available
for Rac-induced CDRs formation therefore led to an increase in the lifetime
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of the CDRs. One future area of interest is to knock down or inhibit Arp2/3,
which may reduce the amount of CDRs observed as Rac can no longer effect
Arp2/3 nucleation of actin. A knock down of mDia1, however, may reduce
the lifetime of CDRs observed as less stress fibers are formed, resulting in
diminished replenishing of the G-actin pool during CDR formation. On the
other hand, PDGF stimulation followed by the inhibition of mDia1 may lead
to prolonged CDR formation as the inhibition of mDia1 is a downstream
effect of the inactivation of Rho. It is also noteworthy to mention that the
absence of forces in the model suggest that the closing and disappearance of
CDRs can be achieved independently of mechanical pulling on CDR actin,
which can result from myosin localization to CDRs.
Using the same model, I also show how RacGAP that binds to WAVE1 (which
I term WGAP) negatively regulated Rac and caused a local dip in the amount
of Arp2/3-nucleated CDRs. This suggests that in the future, knocking out
WGAP or mutating the binding domains between WGAP and WAVE1 may
result in actin patch formation on the dorsal surface of migratory cells upon
PDGF addition, which grow and disappear with similar dynamics as CDRs.
Using a reduced model comprising only Rac and WGAP, it was demonstrated
that CDR actin growth and decay can be modeled as a pulse propagation
in an excitable medium. The velocity of the moving front could be verified
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through live cell imaging in a future direction of this work. Through the
potential effects that substrate stiffness has on CDR functionalities, such as
macropinocytosis, cell motility and RTK receptor internalization, the results
of this study would have implications in fields ranging from mechanobiology
to cancer research.
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3 Part II: Mechanochemical model of lamel-
lipodial dynamics during cell migration
3.1 The lamellipodium: experiments and models
The study of CDRs shows that actin dynamics is a tightly regulated pro-
cess requiring the interaction of many proteins. Of high relevance are the
antagonistic Rho family GTPases, Rac and Rho, which regulate the exis-
tence of two major forms of actin in the cell, the Arp2/3-nucleated branched
actin network and the mDia1-nucleated stress fibers. Apart from CDRs, the
lamellipodium exhibits a similar branched actin network [206, 99] which is
also generated in the presence of Rac [32, 205, 177, 233]. This suggests that
CDR formation accompanies the generation of the lamellipodium, the latter
being shown conclusively by experimentalists as an important driver of cell
migration [16, 128, 13]. While the formation of CDRs is an important indica-
tor of the cell’s potential for migration, protrusive capability provided by the
lamellipodium is crucial in initiating motion as described in Section 1.3.1. In
light of the importance of the lamellipodium, an appreciation of the mechan-
ics behind lamellipodial dynamics is therefore essential in the understanding
of cell migration. Recent experiments have shown that the lamellipodium
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moves by periodic sequences of forward protrusions followed by backward
retractions [98, 99]. In addition, these retractions are only observed when
the cell is placed on a sufficiently stiff substrate, suggesting the importance
of the substrate stiffness in cell migration.
Earlier attempts have been made to represent the lamellipodium using math-
ematical and numerical methods. For example, Refs. [226, 227] characterized
the undulations of the cell membrane as a function of the bending and elastic
moduli of the membrane, the intrinsic curvature of proteins either attached
to or embedded in the membrane which therefore imposed curvatures on
the membrane, the polymerization of actin and the forces exerted on the
membrane due to myosin. An analysis of the dispersion relation allowed
a better understanding of the oscillatory behavior of lamellipodial motility.
On the other hand, there are models that are based on the elastic Brownian
ratchet model [163] that used a coarse-grained method to derive an average
protrusion rate as a function of the free energy change induced by the de-
formation of the membrane [121]. Another example is the model proposed
in Refs. [72, 73, 96] , where the cell membrane was deformed by forces ex-
erted on it by both attached and non-attached actin filaments, the former
tending to pull the membrane via myosin motors while the latter pushed the
membrane. Depending on whether there were more attached or more non-
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attached filaments, the membrane would protrude or retract, leading to what
was termed as oscillations in the membrane of the lamellipodium. Finally,
a simpler model was proposed in Ref. [222], where actin activities such as
polymerization, nucleation and capping, coupled with the viscoelastic nature
of the cytoplasm, led to protrusion of the membrane. While these models
could explain all or some of the phenomena seen in lamellipodial protrusion
— the previous two models suggested mechanisms behind the oscillatory be-
havior; the last model studied the retrograde flow and concentrations of actin
as a function of distance from the membrane — none of them considered the
influence of the substrate and hence cannot reproduce the experimental ob-
servation of the dependence of the occurrence of periodic protrusions and
retractions on substrate stiffness.
There have been numerous experimental studies demonstrating the effect of
changing the stiffness of the substrate upon which the cell is migrating on the
cell migration velocity [151, 98, 5] and cell morphology [112, 231]. This shows
that the effect of substrate properties on cell migration cannot be ignored.
Therefore, models must allow for the transmission of such information into
the cell. There have been earlier modeling attempts to understand the effect
of substrate stiffness on cell migration. An example is the work by Chan et
al. in which the attachments of the actin network to the substrate are rep-
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resented as molecular clutches that extend and fail upon high stresses [37].
Using the motor clutch mechanism, the authors were able to explain the
generation of periodic motion in the filopodia. Their model has not been
extended to the lamellipodia. In another work, Dokukina and Gracheva in-
cluded the effects of substrate rigidity by introducing an additional viscosity-
like component that was proportional to the substrate stiffness but they did
not reproduce the periodic protrusions and retractions observed [60]. In a
recent paper, Walcott and Sun [257] studied the effects of substrate rigidity
on the alignment and formation of stress fibers and were able to explain the
increase in stress fiber formation as a result of increased substrate stiffness
but again did not consider the periodic protrusions and retractions observed
in the lamellipodia.
3.1.1 Objective of model
While these models were able to predict the cell’s response to substrate stiff-
ness, the exact mechanism in which the cell receives information about the
environment is still unknown. Experimentalists have found that the abil-
ity of the cell to respond to substrate stiffness can be regulated by cer-
tain stretch-sensitive proteins [147, 95]. An example of one such protein is
p130Cas, an adaptor protein at focal adhesions. Studies of the structure of
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p130Cas showed that the protein contains several Src phosphorylation sites
which become exposed when the protein stretches, thus serving as a scaf-
fold protein that enables the strengthening of the focal adhesion [52]. This
can be achieved by the attachment of the cell to a sufficiently stiff substrate,
which reduces the displacement of the focal adhesions when the actin network
pulls on it during actomyosin contractility. Another example is talin, which
similarly unfolds when it experiences stretch [100]. Therefore, I propose a
mechanism where the cell can ‘sense’ the substrate stiffness by means of
nascent adhesions and stretch-sensitive proteins. The objective is to develop
a physical model of the interaction between the substrate and the lamellipo-
dial actin machinery and use it to map out the types of dynamics possible
and to quantitatively understand the origins and functions of the periodic
protrusions and retractions on substrates of varying stiffness.
3.2 Model to describe lamellipodial fluctuations
A schematic of the components that make up the lamellipodium is shown
in Figure 14. The lamellipodium consists mainly of a dense actin network
upon which myosin exerts contractile stress resisted by integrins that medi-
ate adhesion between the cell and the substrate. In this study, I focus on
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Figure 14: Schematic of the major components of the lamellipodium. Actin
monomers are being added or deleted from the actin network at the barbed
end (b). The viscous drag as the actin network grows or shrinks is Fη. Myosin
pulls on the actin filament with a force Fm. Integrins in the focal complexes
pull on the actin segment with a force Fa and experience a resistive force Fc
due to its sliding on the substrate. The stretch s is the difference between
the translation of the actin and the focal complex.
and detachment of the barbed ends of actin has been shown to occur very
quickly [73], I will assume that the equilibrium separation between the actin
network and the membrane is achieved almost immediately such that forces
that the actin network and the membrane exert on each other can be ne-
glected. Thus, I assume that the dynamics of the barbed end is equivalent
to that of the cell’s leading edge.
80
The position of the barbed end, denoted by b, can change in one of two man-
ners. First, it can change by the growth/decay of the actin network. The
dynamics of the actin network has been extensively modeled in the past.
Researchers have studied in detail the factors governing the rate of network
generation such as the role of capping proteins and branching rates using
both stochastic and deterministic methods [35, 47, 219, 262]. Here, I use a
simple deterministic method to represent the dynamics of the position of the
barbed end by the addition or deletion of actin monomers at rates k+u and
k−, respectively, where u denotes the free actin monomer concentration at
the barbed end. Second, b can change as a result of the contractile action
of myosin motors, Fm, and the resistive action of integrins, Fa, on the actin
segment. Force balance yields Fa − Fm − Fη = 0, where Fη = ηdb/dt is the
viscous drag. The actin network has been modelled as an incompressible ma-
terial here to simplify the model. To account for the actin gel being suggested
to be a viscoelastic material [141, 148, 216, 220], the viscous effects can be
incorporated into the model by choosing an appropriate drag coefficient η.
Inertial forces are neglected. It is important to note that in this model, as I
am studying the growth of lamellipodium, stress fibers are not present in the
lamellipodium and are therefore not responsible for the exertion of forces in
the lamellipodium. As the amount of stress exerted on actin is likely to cause
strains of less than 10% [202, 207, 142], I have assumed that the retraction
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of the barbed end is not significantly affected by stretching of the network.
In addition to the rapidly changing lamellipodial actin network, there is an-
other region of the actin cytoskeleton known as the lamellum that has also
been implicated in cell migration [196, 197]. Anderson et al. suggested
that the lamellipodium is carried into the lamellum by the retrograde flow
of actin powered by myosin II [8]. However, the inhibition of myosin II
did not hinder the generation of lamellipodium but instead blocked the re-
plenishment of actomyosin bundles in the lamellum. Thus, it is likely that
there is an overlapping continuous interface between the lamellipodium and
the lamellum [40]. Therefore, in this study, I will not consider the lamellum
and assume that the lamellipodium continuously transitions into the lamella.
I therefore assume that Fm is proportional to the concentration of myosin
m(x, t), which is anchored to the less dynamic lamella, along the length x of
the network at time t. Fa, however, is dependent on both the concentration
of integrins a(x, t) and the force exerted by myosin. This is because integrins
serve to anchor the actin network and thus provide resistance to the motion
of actin. Here, each integrin can exert a resistive force up to fmaxa . When
the total possible resistive force exerted by existing integrins exceed the to-
tal force exerted by existing myosins, the actual total resistive force exerted
by integrins is equal to that exerted by myosins. However, when the total
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force exerted by myosins is more than the amount of resistive force that the































Here,  is the length of an actin monomer, fm is the force exerted by a single
myosin unit and p denotes the position of the rear of the actin segment which
is assumed to be constant.
To solve this equation, I need to know how the concentrations of myosin,
m(x, t), and integrin, a(x, t), change. Myosin activation is achieved by the
phorphorylation of myosin light chains by the myosin light chain kinase. The
myosin light chain kinase, in turn, can be activated by integrin mediated
activation of Rho upon integrin binding to the substrate [203]. A similar
signaling pathway was also used by Besser and Schwarz [21], where they
studied the dynamics of stress fibers represented as a viscoelastic material
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with material properties that respond to chemical signals from the focal
adhesions. In an extension of this work, the authors saw a delay in the myosin
activation upon integrin activation [22]. Since the dynamics of the signaling
pathway is not the focus of our study, I have replaced the integrin-myosin
signaling pathway with a simple time delay. Therefore, myosin is activated
at the rate α at a time delay ζ to account for the time taken for the chemical
signal to be transduced down the signalling cascade after integrin activation,
∂m
∂t
= αa(x, t− ζ), (6)
The value used for the time delay ζ (see Table 4) is consistent with the work
of Besser and Schwarz [21, 22].
Integrin concentration can change in one of two manners: myosin-dependent
and myosin-independent. First, experiments have shown that contractile
forces due to myosin can cause nascent adhesions (clusters of a small number
of integrins) to mature into focal complexes (clusters of a large number of
integrins) at the cell’s leading edges [91, 43]. Therefore, I expect the rate of
change of integrin concentration of focal adhesions at the barbed end b to be
proportional to Fm. Second, at all other locations, integrin concentration can
change in a myosin-independent manner, where nascent adhesions can either
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Table 4: Values of parameters used in the simulations
Parameter Symbol Value Ref
Drag coefficient η 5 µkg s−1 Estimated
Length of actin monomer  2.7 nm [68]
Concentration of G-actin at
barbed end of actin
u 1 µM [168]
Polymerization rate of barbed
end of actin
k+ 10 µM−1 s−1 [68]
Depolymerization rate of
barbed end of actin
k− 1.4 s−1 [68]
Force generated by a single
myosin unit
fm 4 pN [84]
Max. force generated by a unit
focal complex
fmaxa 1 pN [123]
Tensile strength of actin-actin
bond
σ 100 pN [131]
Young’s modulus of substrate Y 0.01 - 20 kPa [269]
Poisson’s ratio of substrate ν 0.3 [269]
Substrate thickness h 0.5 µm [151]
Area of focal complex A 0.05 µm2 [91]
Activation rate of myosin α 0.2 s−1 Estimated
Time delay in integrin-myosin
activation
ζ 20 s [22]
Growth rate of focal complex
due to the stretch-sensitive
protein
γ+ 1.6 s−1 - 1000 s−1 Estimated
Rate of dissociation of focal
complex
γ− -1.0 s−1 Estimated
Critical stretch length of
stretch-sensitive protein
s0 5 nm Estimated
Myosin-dependent activation
rate of integrin




disassemble or mature into focal adhesion complexes. Experiments have sug-
gested that the presence of stretch-sensitive proteins that bind to the focal
adhesions and the extent of their stretch that determine either disassembly
or maturation [100]. The hypothesis is that these stretch-sensitive proteins
can expose phosphorylation sites when stretched, serving then as scaffold
proteins to allow more proteins to assemble at and stabilize the focal adhe-
sion complex. If the stretch is small, then the adhesions disassemble without
maturing into larger focal complexes. This is supported by experiments that
have shown that nascent adhesions can form along the leading edge of the
lamellipodia and rapidly disassemble without maturing into stronger focal









γ− + (γ+ − γ−)H(s− s0)
]
a. (7)
In the first term of Equation 7, β is a biochemical rate constant denoting the
rate of integrin activation by myosin, and δ(x) the Dirac delta function that
is zero everywhere except at x = 0. This ensures integrin activation due to
myosin only at the barbed end. The second term of the equation describes
the activation rate of integrin due to the amount of stretch, denoted by s,
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created in the stretch-sensitive protein, which is activated when the stretch
exceeds the stretch-threshold given by s0. The Heaviside step function H(x),
where H(x) is zero when x is negative and one when x is positive, is used
to switch from a state of nascent adhesion disassembly, characterized by the
disassembly rate γ−, to a state of nascent adhesion maturation, characterized
by the growth rate γ+.
Stretch-sensitive proteins have been found at focal adhesions. An example
is the protein talin which has a vinculin binding site that is embedded in
the talin rod. Therefore, vinculin-binding requires the unfolding of talin and
this binding has been found to be enhanced during force exertion [95]. An-
other example is the p130Cas, which has multiple binding sites that become
exposed when the protein is stretched out[93]. As these proteins are part
of a mechanical linkage between the actin cytoskeleton and the integrins,
we suggest that the stretch encountered by these stretch-sensitive proteins
are a result of the movement of the actin cytoskeleton with respect to the
integrins. While the actin cytoskeleton can translate in response to forces
exerted on the network, integrins are bound to the substrate and therefore
can only translate as a result of substrate stretching. The amount of stretch
s, is thus defined as the difference in the distance that actin has moved (due
to forces exerted on actin) and the distance that the integrins at the leading
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edge have moved (due to deformation of the substrate). In a time interval
t, the actin filament will have moved a distance of
∫ t
0
1/η(Fa − Fm)dt. In-
tegrins, on the other hand, would have moved due to the stretching of the
substrate. Using force balance on the integrins, the force exerted on the in-
tegrins by the substrate will be equivalent to the force exerted by the actin
on the integrins, which will be equivalent to the force exerted by the integrin
on actin, Fa (see Figure 14 for schematic), i.e., Fc − Fa = 0. Since Fc is a
result of the substrate deformation, it can be expressed as Fc = − (GA/h)c,
where G is the substrate’s shear modulus, A is the area on which the force
acts (i.e., area of adhesion), h is the thickness of the substrate, and c is
the amount of stretch induced in the substrate, i.e. the distance moved by
the integrins. For convenience, Fc is rewritten using the Young’s modulus
Y , namely Fc = − (Y A)/(2(1 + ν)h)c where ν is substrate’s Poisson ratio.























Eqs. (5)-(8) form a set of coupled integro-differential equations in the vari-
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ables b(t), m(x, t), a(x, t) and s(t). They are evolved until the tensile forces
acting on the actin filament exceed the tensile strength σ of the actin segment,
i.e., when Fa > σ or Fm > σ. At this point, the actin segment breaks [98, 99],
and the process of actin polymerization, and myosin and integrin pulling re-
peats from the fragment of actin left at the leading edge. The amount of
myosin is reinitialised to zero while the concentrations of integrins at the
barbed end are retained. I solve Eqs. (5)-(8) numerically using the explicit
forward Euler method. Parameters used were obtained from literature as
much as possible, as shown in Table 4.
3.3 Results and discussion
3.3.1 Periodic protrusion-retraction cycles observed in simula-
tions
By systematic parameter variations, it was found that the parameters that
have the most significant control on the dynamics of b are the time delay from
integrin to myosin activation ζ, the rate of integrin activation by myosin β,
the rate of focal complex maturation γ+, and the substrate stiffness Y . By
changing β, γ+ and Y , three types of migratory dynamics were observed.
First, b can protrude and retract periodically as illustrated in Figure 15(a).
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This happens as protrusion due to actin polymerization at the barbed end is
halted by the net effect of the forces exerted on actin. Retraction begins when
the total amount of force exerted by myosin is higher than the total amount
of resistive force that integrins can exert. However, when the tension in the
actin becomes too high, the actin strip severs, thereby initiating the next
protrusion-retraction cycle. Thus, this model provides a quantitative under-
standing of the experimentally observed protrusion-retraction cycles [98, 99],
which are also seen in previous work by Falcke’s group [72, 73]. When I
set β = 200 s−1, γ+ = 1.6 s−1, Y = 20 kPa and ζ = 20 s, I was able
to reproduce protrusion and retraction speeds of 39.4 nm/s and 45.2 nm/s,
respectively, which fall in the range of protrusion and retraction speeds re-
ported in Ref. [99].
3.3.2 Periodic protrusion-retraction requires sufficiently stiff sub-
strate
It is observed that these periodic protrusion-retraction cycles persist over
a wide range of parameter values. In particular, it was found that a suffi-
ciently stiff substrate is required for such cycles. By keeping β = 200 s−1
and γ+ = 1.6 s−1, these cycles were seen as long as Y & 0.01 kPa. Intu-









Figure 15: Three types of lamellipodial dynamics are observed at ζ = 20 s, as
illustrated by ”kymographs” showing the position of the barbed end b(t) at
time t: (A) periodic protrusion-retraction observed at β = 200 s−1, γ+ = 1.6
s−1, Y = 20 kPa, (B) periodic protrusion-retraction observed in experiments
(figure adapted from Ref. [99]), (C) unstable retraction corresponding to
ruﬄing observed at β = 20 s−1, γ+ = 10 s−1, Y = 20 kPa, and (D) continuous
protrusion observed at β = 4000 s−1, γ+ = 4000 s−1, Y = 20 kPa.
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integrins due to the stretch-sensitive protein activation which occur on suffi-
ciently stiff substrates, therefore preventing the rapid retraction of actin when
pulled on by myosin. Such a result is consistent with experiments in which
periodic protrusion-retraction was seen on stiff substrates [98]. When the
substrate was too soft, unstable retractions were observed instead, similar to
that seen in Figure 15(c). This is expected as a soft substrate would generate
low stretch in the stretch-sensitive protein, reducing the myosin-independent
activation rate of integrins and causing a decrease in the resistance to mo-
tion provided for by integrins. Physiologically, when retractions happen, the
lamellipodium tends to fold backward as the large forces exerted by myosin
cause the former to loose its adhesion to the substrate. This phenomenon
is commonly described as ruﬄing [98, 99]. Unstable retractions are thus
associated with ruﬄing seen in experiments.
3.3.3 Periodic protrusion-retraction requires sufficient activation
of integrins
Unstable retractions are also seen when there is insufficient activation of inte-
grins. If I keep γ+ = 1.6 s−1 and Y = 20 kPa, then these cycles were observed
as long as β & 100 s−1. This suggests that a loss in the myosin-dependent
activation rate of integrins can lead to loss of periodicity as well. When
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Y = 0.01 kPa 









































Figure 16: Phase diagram depicting the three types of migratory dynamics
in this space spanned by the rate of integrin activation by myosin β, the rate
of focal adhesion growth γ+, and the substrate stiffness Y . Three frames in
(β, γ+) space at fixed Y of 0.01 kPa, 2 kPa, and 20 kPa are shown. The circles
denote periodic protrusion-retraction, crosses denote unstable retraction, and
triangles denote continuous protrusion.
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the rate of integrin activation by myosin is low, it results in low amounts of
focal complex maturation from nascent adhesions at the front of the lamel-
lipodium. The force exerted by myosin generated at the rear caused the actin
network to retract rapidly due to lack of resistance by focal complexes. As
long as β is small, no matter how fast the rate of focal adhesion growth γ+ is,
the barbed end always retracts, because there will always be insufficient fo-
cal complexes. However, when the substrate becomes less stiff, the crossover
from periodic protrusion-retraction to unstable retraction occurs at higher
value of β. This is expected since a softer substrate would mean less myosin-
independent activation of integrins, therefore requiring a higher amount of
myosin-dependent activation of integrins for adequate integrin generation to
resist the forces created by myosin.
3.3.4 Excessive activation of focal adhesions, coupled with stiff
substrates, leads to continuous protrusion
When keeping β = 200 s−1 and Y = 20 kPa, protrusion-retraction cycles were
lost when γ+ & 1000 s−1. Under such conditions, retraction was not observed
and the barbed end protruded continuously as shown in Figure 15(d). This
suggests that retraction is achieved only when the resistive forces exerted
by integrins is not too high, i.e., the myosin-independent activation rate
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of integrins must be sufficiently low. Such a phenomenon is normally only
observed at large β, i.e., when the rate of integrin activation by myosin is
high, at large γ+, i.e., when the rate of focal adhesion growth is high, and
at large Y , i.e., stiff substrates. Under these conditions, retraction due to
myosin pulling at the rear was not possible due to the rapid growth of integrin
at the focal complexes. Also, continuous protrusion was not observed on
soft substrates because the high deformation of the substrate results in a
reduction in the stretch induced in the stretch-sensitive protein, therefore
rendering the stretch-sensitive protein less effective in inducing the growth
of focal complexes.
3.3.5 Phase diagram and relation to experimental observations
The parameter regimes in which different lamellipodial behaviours are exhib-
ited are summarized in Figure 16, which shows a phase diagram depicting
the three types of lamellipodial dynamics in the space spanned by the rate of
integrin activation by myosin β, the rate of focal adhesion growth γ+, and the
substrate stiffness Y . Interestingly, experiments have found that during the
initial phases of cell spreading before periodic protrusion-retraction cycles
are observed, continuous protrusions are first observed [65]. From Figure 16,
the only way to transition from the continuous protrusion phase to the peri-
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odic protrusion/retraction phase is either to reduce Y or to reduce γ+. Since
the substrate is not changed, the only mechanism has to be a decrease in
γ+. Therefore, I postulate that during cell spreading at the transition from
the continuous protrusion phase to the periodic protrusion/retraction phase,
there must be active signaling that results in a decrease in the rate of focal
adhesion growth.
Next, I discuss how the parameters β and γ+ can be changed biochemically.
First, it has been suggested that the maturation of nascent adhesions into
focal complexes require the presence of talin [100] as well as α-actinin, a
protein involved in the binding of actin to the cell membrane [42]. Therefore,
by downregulating α-actinin and/or talin, β will have been decreased. In
doing so, more unstable retractions should be observed in the lamellipodium.
This will be more pronounced the higher the substrate stiffness. Second, it
has been suggested that the rate of focal adhesion growth γ+ can be increased
by upregulating the stretch-sensitive protein p130Cas [94]. Therefore, on
substrates that are sufficiently stiff, this upregulation will result in more
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Figure 17: Variation of total period with (A) β at γ+ ≤ 200 s−1, all values
of Y and ζ ≥ 20 s, (B) γ+ at β ≥ 200 s−1, Y > 2 kPa and ζ ≥ 20 s, (C) Y
at β ≥ 200 s−1, γ+ ≤ 200 s−1 and ζ ≥ 20 s, and (D) ζ at β ≥ 200 s−1, γ+ ≤
200 s−1 and Y < 20 kPa.
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3.3.6 Period of protrusion-retraction cycle is only affected by the
time delay in signal propagation
The total period of each cycle was not affected by changing β, γ+ and Y , but
increased proportionately with the time delay ζ. This is shown in Figure 17.
This is to be expected since increasing the time delay would delay the onset of
myosin force exertion which would cause retraction to occur later. However,
when low time delays below 20 s were used, unstable retractions were seen
instead, suggesting that an early onset of myosin activation could also lead
to ruﬄing events often seen in experiments.
3.4 Conclusion
Through this study, I have shown that a mechanochemical model compris-
ing interactions among actin, myosin and integrin in the lamellipodium, as
well as the substrate, allows us to explore and map out the types of mi-
gratory dynamics quantitatively. The simulations show that there are three
types of dynamics. In particular, the model was able to explain when and
why the periodic protrusion-retraction cycles occur, and make predictions on
how they transition to unstable retractions and continuous protrusions that
can be validated experimentally. Although different mechanisms were used,
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the phenomenon of periodic protrusion-retraction cycles seen in our one-
dimensional model are similar to the oscillations seen in the two-dimensional
models proposed by Enculescu et al. [72] and Shlomovitz and Gov [226].
While this suggests that the cell is able to use a plethora of mechanisms to
produce a particular phenomenon, the use of mechano-sensitive proteins to
obtain information about the substrate stiffness is a sufficient mechanism for
the behavior observed in cells. This study reinforces the importance of such
mechano-sensitive proteins in the cell, in the case the stretch-sensitive pro-
tein, to enable the cell to probe its external mechanical environment. This
can play important roles in cell behavior such as cell migration [5, 151] and
determination of cell lineage [59, 77]. In the future, the model can be en-
hanced to study the effects of focal complex formation [53] and force loading
on actin polymerization [73] and how it can affect leading edge protrusion.
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4 Part III: Collective migration of epithelial
cells in constrained environment
4.1 Collective migration of 2D sheets: an introduction
Chapters 2 and 3 clearly show that actin dynamics are tightly regulated in the
cell, and can be influenced by external factors, such as the substrate stiffness,
through either chemical signals or force-mediated mechanisms. Chemical
signals include growth factors, such as PDGF, while an example of force-
mediated mechanims is the unfolding of proteins to serve as scaffolds for
other proteins when a force is applied to the former [94]. While single cell
migration plays crucial roles in processes such as phagocytosis and cancer
metastasis [36, 132, 185], collective cell migration is also commonly seen es-
pecially in tissue-level activities as described in Section 1.4. Studies have
shown that, in conjunction with regulating actin dynamics in single cell mi-
gration, the Rho family proteins also lay important roles in the control of
intercellular adhesion and collective cell migration [78, 83, 82].
The migration of cells as a 2D sheet has been widely studied through the
use of scratch wound assays in vitro, which closely resembles the process
of wound-healing in vivo. This form of collective migration requires that
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several conditions be met for motility to be efficient. One such condition
is the existence of cell-cell adhesion, which ensures that cells are physically
connected during the entire motion. Apart from providing the means for
physical linkage, cell-cell adhesion can also be the means of communication
between neighbouring cells. Studies have shown that cell-cell contact is able
to modulate the amount of lamellipodial generation in migrating cells, a
phenomenon termed as contact inhibition [25, 71]. This is possibly achieved
through the activation of α-catenin upon cadherin binding between cells,
which translocates and reduces the generation of lamellipodium. Another
important requirement is cell-substrate adhesion, which allows cells to an-
chor themselves so that they might pull themselves forward. This is largely
achieved through the use of lamellipodium typically observed in the leading
cells. The importance of cell-substrate adhesion also implies the need for a
viable substrate, without which migration is not possible.
It has been long established that wound-healing is a process mainly stimu-
lated by the release of growth factors and other related chemokines into the
area of trauma. A study by Grasso et al. [108] found that the mode of wound-
healing was dependent on the type of wound surface. Wound surfaces coated
with extracellular matrix allowed the cells to migrate into the wound while
those within made use of a contractile actin cable to “zip” up the wound. In
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recent years, however, researchers have been questioning the need for chem-
ical stimulus for the migration of cells into viable space. In one such study,
the authors compared the efficacy of Madin-Darby Canine Kidney (MDCK)
epithelial cells migration in the standard wound-healing assay and in the
case where cells were simply prevented from migrating into the “wound” by
a physical barrier which was then removed [176]. They found that while
the activation profile of proteins within the cells were different in these two
scenarios, cells were still able to migrate into free viable substrate even in
the absence of chemokines released during trauma induced by scratching of
the 2D MDCK cell sheet, though albeit less rapidly. That injury to cells is
not necessary for MDCK epithelial cell migration was also shown in another
experiment where such cells were first grown in strips by imposing a physical
barrier that was subsequently removed [198]. Interestingly, analysis of the
phase contrast images using the PIV method revealed that cells flowed in
streams within the sheet in directions not necessarily towards the leading
front. An earlier study by Haga et al. [113] had investigated the correlation
length for velocity when cells were seeded on different substrates and found
that the correlation length increased with time when cells were seeded on a
gel but did not change with time when seeded on glass, suggesting a depen-
dence of cell-cell communication on the compliance of the substrate. The
correlation in migrating velocities was further investigated by Petitjean et
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al. [192] and they found that the correlation length in MDCK cells was in-
dependent of the initial amount of cells but dependent on the cell type, or
perhaps more accurately the migratory cheracteristics of the cell. Another
study by the same group [201] showed that fingers of cells which often appear
in sheets of MDCK cells demonstrated a higher level of migration polarity
and tended to orientate its major axis parallel to the direction of motion,
while cells further back in the sheet migrated in more random directions and
were less oriented. The authors went on to remove the lamellipodium of the
leader cell in the sheet and migration of the leader cell stopped completely
and the velocities of the cells became less oriented. Yet, before a new leader
cell arose, polar migration of cells resumed, suggesting that migration di-
rection, though strongly affected, was not solely dependent on lamellipodial
protrusion in leading cells.
There have been models developed to understand collective cell motion of
cell sheets from a more quantitative perspective. Lee and Wolgemuth [146]
represented cells as viscoelastic objects and saw correlated motion within the
cell sheet. A continuum model developed by Arciero and colleagues repre-
sented the cell sheet as a compressible inviscid fluid under the influence of
forces due to adhesion between cells and to the substrate, and lamellipo-
dial exertions [10]. While the model was able to predict the correct general
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shape of the wound during healing even when wound geometry was irregular,
phenomenon like fingering in the sheet and correlated cell migration could
be observed and explained. Bindschadler and McGrath used an agent-based
model to study the same problem [24] and studied the effects of factors such
as cell division and sensing radius on wound closure rate. Their model was
able to generate wound closure with individual cells being simulated, how-
ever, its accuracy is debatable as the cells are represented as regular spheres
only. Fong et al. [86] modelled the cell as a flexible membrane of connected
beads that represented integrins and used dynamic Monte Carlo scheme to
simulate motion using a hexagonal lattice. Again, cell shape was kept almost
constant, with cells occupying either one or two lattice sites only. In another
approach, Farhadifar et al. [81] used the vertex model to study not wound
closure but the packing of epithelial cells in Drosophila wing, where cells
were represented by an irregular tesselation made up of connected vertices
which were moved to minimize the energy of the system. Depending on the
stiffness of the cells and the strength of intercellular adhesion, cell packing
and geometry could be varied. A popular method used for the modeling
of multicellular systems is the Cellular Potts Model [155, 250, 266], where
cells are represented by one or more lattice points and the system evolves
by minimization of the energy of the sytem, usually using the Monte Carlo
scheme. Graner and Glazier [106] used the model to study the movement of
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cells of differing levels of intercellular adhesion and found that a ball of cells
with similar adhesivity tended to cluster together while still maintaining the
overall circular shape. Interestingly, cells of higher adhesivity formed a cir-
cular aggregate with the cells of lower adhesivity surrounding the aggregate.
Kabla [125] used the same method to elucidate the minimal requirements for
collective migration. By including feedback from cell polarity, coordinated
motion could be reproduced when cells were adhered to each other. A similar
result was seen in Szabo et al.’s study which used a slightly different method
for incorporating the feedback between cell migration and cell polarity [240].
4.1.1 Objective of study
It has been shown that physical considerations are sufficient for generating
migration of cell sheets [198, 176]. This suggests that geometrical constraints,
such as a finite substrate width, can affect the motility of cells in a sheet-
like formation. In collaboration with experimentalists, the dependence of
migration characteristics, such as velocity and correlated motion, of MDCK
epithelial cells on the width of the fibronectin coating on a pliable substrate
was investigated. To further understand the mechanism that generates such
motion as well as predict the effect of different factors on the rate of cell mi-
gration and correlation in velocities among cells, the Cellular Potts Model was
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used to represent the system as individual cells can be represented without
constraints on the cell shape, that is irregular cell shapes can be represented.
This would render the simulation more realistic and would therefore be a
closer representation of the in vivo and in vitro systems.
4.2 Methods and analysis
4.2.1 Development of Cellular Potts Model
The Cellular Potts model (CPM) was chosen to represent the 2D sheet of
migrating MDCK cells. In CPM, the system space is discretized into square
lattice points with an identity prescribed to each lattice point, that is each
point k is given the value σ(k) = i which codes for its identity such that
i ∈ {−1, 0, 1, 2, ..., N + 1} where N is the total number of cells. Lattice points
belonging to empty adhesive substrate are given identity 0 while lattice points
belonging to empty non-adhesive substrate are given the identity -1. A recent
study by Reffay et al. showed that motion in the cell sheet is largely seen in
the first few layers of cells from the free surface [201]. This was also seen in
the work by Petitjean et al. [192]. Therefore, this study will focus on only
the top of the 2D sheet (up to 10 cell diameters). All lattice points belonging
to the bottom of the 2D sheet is given the identity 1. This collective group
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of cells will be referred to as the grouped cells from this point on.
The dynamics of the system is obtained by minimization of the energy of the
system, which comprises:
(i) the elastic energy of the cells, which is a function of the deviation of





(Ai −A0)2, where κ represents the elasticity of the cell. Grouped
cells do not contribute any elastic energy as the addition of cells to the
cell sheet due to influx from the well of cells at the bottom of the channel
of substrate and, at a lesser degree, cell proliferation would result in a
changing area for the grouped cells, deeming the elastic energy of the
grouped cells irrelevant. Intuitively, empty substrates, both adhesive
and non-adhesive, do not contribute any elastic energy.
(ii) the surface tension energy or cortical tension energy of the cell, which
is a function of the deviation of the perimeter of the cell from a prede-
fined value and prevents dendritic spreading of the cell. Surface tension
energy is therefore given as
N+1∑
i=2
Γ(Li−L0)2, where Γ defines the surface
tension energy per unit length, Li is the perimeter of the cell and L0
is the preferred circumference of the cell. Note that the surface tension
energy of the grouped cells and empty substrates (i ≤ 1) are not taken
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Figure 18: Schematic of the Cellular Potts Model setup. Each lattice point
is given an identity (colour coded in this diagram). The cyan lattice points
belong to the empty non-adhesive substrate (σ = -1) while the dark blue
lattice points code for the empty adhesive substrate (σ = 0). Lattice points
belonging to cells are coded in red (σ = 2) and yellow (σ = 3). Lattice
points belonging to the grouped cells are coded in purple (σ = 1). The cell-
cell adhesion energies are labelled in this diagram by λ. Cells and grouped
cells boundaries in contact with empty substrate, both adhesive and non-
adhesive, are given no adhesion energies. Note that all cell and grouped cells
lattice points within the adhesive substrate are given cell-substrate adhesion
energy Ω, while the cell and grouped cells lattice points in the non-adhesive
substrate is not given any cell-substrate adhesion energy.
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into consideration since the grouped cells and the empty substrates can
take any conformation.
(iii) the cell-substrate adhesion energy, which quantifies the energy released
when the cell adheres to the substrate. It is defined as Ω when lattice
points belonging to cells and grouped cells lie within the adhesive area
of the substrate mask ω. The substrate mask takes positive (ω > 0)
and negative values (ω < 0) on adherent and non-adherent locations




where k refers to the lattice point, and
Wσ(k),ω(k) =

Ω if ω(k) > 0 and σ(k) > 0
0 if otherwise
(iv) the cell-cell adhesion energy, which describes the energy released dur-
ing intercellular adhesion. It is calculated by considering the num-
ber of pairs of adjacent lattice points with different identities. Only
boundaries between cells and/or grouped cells exhibit cell-cell adhe-








λ if σ(k) 6= σ(k′) and σ(k) > 0 and σ(k′) > 0
0 if otherwise
Here, λ is the cell-cell adhesion energy per unit length, which is kept
constant in the simulation.
(v) the cell polarization energy, which takes into account the active remod-
elling of the cells. Many a time, the cell is not a spherical entity and
often exhibits polarity especially during migration. Cells have been
known to rearrange their cytoskeleton during migration, resulting in
polarity of motion which typically points from the tail to the leading
edge of a cell. It is more favourable for the cell to move in the direction
of its polarity as migration in an alternative direction would require
remodeling of the cytoskeleton which requires energy. Such a biasness
in migration has been included in Kabla’s model [125], by introduction
of an energy gradient which mimics the generation of a motile force
along a polarity vector. A similar mechanism for generating polarity
in cell migration is used in this model. The cell polarization energy
is therefore obtained by the scalar product of the current velocity of
each cell with the average velocity of each cell over a predefined life-
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time. This energy is parameterized by the extent of polarization µ, and
can be interpreted as the energy released when the cell with identity i
moves along its polarization direction ~ni [125]. The grouped cells and
empty substrates do not possess polarization energy. The cell polariza-
tion energy is thus given as
N+1∑
i=2
µ~ni· ~ri. Since cell migration polarity is
a result of cytoskeletal reorganization during motion, the polarization
direction ~ni of each cell, can be obtained by observed by monitoring
the cell’s previous displacements. Therefore, the polarization direction
is calculated from each individual cell’s average velocity over the past




Here, ~ri defines the displacement of the cell i when there is a change
in identity of a lattice point. The value of τ is a measure of the time
required for the remodeling of the cytoskeleton.





















During each iteration, a lattice point k is selected at random and the en-
ergy change ∆H is evaluated when its identity σ(k) is altered to that of its
neighbour σ(k′) that gives the lowest energy change. The lattice point takes
the new identity when the probability of the change occuring is higher than
the random number (falling between 0 and 1 inclusive) generated at that
iteration, and the cell does not break up into more than one cell when the
change is executed. The probability is calculated from the energy change as
follows:
P (σ(k)→ σ(k′)) =

1 if ∆H < 0
e−∆H/H0 if ∆H ≥ 0
(11)
Here, H0 is defined as a unit energy of the system. Simulations were carried
out for 200 Monte Carlo steps (MCS), where each MCS averages 1 iteration
per lattice point over the entire lattice, that is each lattice point changes
identity on the average of once per MCS. Velocities of cells were obtained
by tracking the centroids of cells over time. The centroid of each cell i is
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given by taking the mean position of the lattice points belonging to the
cell, that is 1
mi
∑mi
n ~xn where mi defines the total number of lattice points
belonging to cell i, and ~xn gives the coordinates of the center of the lattice
point. Comparison of the velocities obtained in the simulations showed that
each MCS approximates to 6 minutes. Cells were given target area A0 of 16
lattice points, which gives an approximate cell diameter of 4 lattice points
between adjacent cell centers. The adherent substrate width ranged from 1
cell diameter to 20 cell diameters, which corresponds to widths of 4 to 80
lattice points. The non-adherent substrate was positioned on the left and
right of the adherent substrate such that the adherent substrate formed a
strip running from the top to the bottom of the lattice. The width of the
lattice was chosen to be twice that of the adherent substrate, therefore the
width of the lattice ranged from 8 to 160 lattice points, while the height of the
lattice was 400 lattice points. The grouped cells were given an initial height
of 5 cell diameters, corresponding to 20 lattice points, while the number of
cells simulated was chosen such that the initial height of cells was 10 cell
diameters, equivalent to 40 lattice points. Reflective boundary conditions
were used in the simulations, that is the lattice is reflected at the boundaries
such that lattice points on the boundaries will have virtual neighbours with
the same identity as the boundary lattice points. Figure 19 illustrates the
initial setup of the simulations. Table 5 summarizes values of the parameters
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A B C D E F
Figure 19: Initial setup of CPM. Each cell is represented by a different colour.
The average cell size is 16 lattice points. Simulations were done adherent
substrate channel widths of (A) 4, (B) 8, (C) 15, (D) 20, (E) 40, and (F)
80 lattice points, corresponding to 1, 2, 3, 5, 10, and 20 cell diameters. The
white bar spans 10 lattice points, which corresponds to 2.5 cell diameters or
approximately 50 µm.
used in the simulations. In this study, I will study the effects of Ω, µ and τ as
these parameters affect the dynamics of the system. As there is only one cell
type, there is no differential adhesion between cells and thus, the parameter
λ would not affect the behaviour of the system. While changing the value of
κ could affect the stretching of cells, it is the relative difference between κ,
which increases the energy of the system, and Ω and µ, which decrease the
energy of the system, that results in differences in system dynamics. Thus, I
will only study the effects of Ω and µ, as well as the time delay τ as it could
affect the cell polarization.
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Table 5: Values of parameters used in the simulations of collective cell
migration on constrained substrates
Parameter Symbol Value Experimental interpreta-
tion
Elastic energy of the cell κ 1 Stiffness of cell cytoplasm
Target cell area A0 16 Cell area
Surface tension energy Γ 0.1 Stiffness of cell membrane
Target cell perimeter L0 16 Cell circumference
Cell-substrate adhesion en-
ergy
Ω 0 - 20 Cell-substrate adhesion
Cell-cell adhesion energy λ 1 Cell-cell adhesion
Extent of polarization µ 0 - 10 Cell polarization
Memory time for polariza-
tion
τ 2 MCS Persistence time of motion
Unit of energy H0 1 -
4.2.2 Analysis of results: calculating correlation
Experiments were carried out by collaborators Leong Man Chun and Vedula
Sri Ram Krishna. Briefly, a fibronectin pattern consisting of a large rectangu-
lar reservoirconnected to strips of different widths ranging from 20 up to 400
µm was printed onto a glass coverslip, as shown in Figure 20A. A confluent
monolayer was grown inside the reservoir adjacent to a slab of polydimethyl-
siloxane (PDMS), which was removed to allow the cells to migrate into the
strips. This ensures that the monolayer was not subjected to cellular trauma
and thus, migration is not a consequence of chemical factors released during
tissue damage. Upon removal of the PDMS slab, the MDCK cells migrated
into the free fibronectin strips. Cell migration was monitored after 4 h and
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particle image velocimetry (PIV) [192] analysis was carried out to obtain the
velocity field of the migrating MDCK cells.
Using the PIV results provided by my collaborators, I calculated the cor-
relation coefficients for the components of the velocity parallel to, referred
to as the v component of the velocity, and perpendicular to, referred to as
the u component of the velocity, the long axis of the fibronectin strip. To
remove boundary effects, data in the center one-third of the fibronectin strip
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where Cu and Cv refer to the correlation coefficients in the directions per-
pendicular and parallel to the long axis of the fibronectin strip respectively,
u∗ and v∗ refer to the deviation of the velocity from the mean velocity in the
directions perpendicular and parallel to the fibronectin strip, ~r is the vec-





Figure 20: (A) Schematic of the fibronectin pattern (in gray) printed onto
coverslip. (B) MDCK cells (in yellow) are seeded and allowed to grow to
confluency, with a PDMS block preventing cells from migrating into the
fibronectin strips. (C) Upon removal of the PDMS slab, the MDCK cells
begin migrating onto the empty fibronectin. Illustration courtesy of Leong
Man Chun and Dr Vedula Sri Ram Krishna.
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functions were evaluated by averaging the correlation coefficient over all the
directions such that Cu and Cv were functions of ||~r|| (the norm of ~r). The
correlation length was obtained at the distance (i.e. ||~r||) where the spatial
velocity correlation functions become zero. A similar analysis was carried
out using the simulation results, where the velocity field, obtained from the
instantaneous displacements of the individual centroids after each MCS, was
used for the calculation of the correlation functions.
4.3 Results and discussion
4.3.1 The migration of the cell sheet is stalled by low cell-substrate
adhesion coupled with the absence of cell polarization
The experiments show that upon removal of the physical barrier, the MDCK
cells begin to migrate onto the fibronectin substrate without the need for
chemical stimulation, as shown in Figure 21. This was also seen in the sim-
ulations, as shown in Figure 22 which shows the typical migration of cells
over 200 MCS (approximately 20 h) for the adhesive substrate channel width
of 40 lattice points, equivalent of 10 cell diameters, while Figure 23 shows
the cells for the narrowest and widest adhesive substrate channel widths af-
ter 200 MCS. This migration was stalled when the cell-substrate adhesion
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Figure 21: The MDCK cells migrated onto the fibronectin coated substrate
when the physical barrier was removed. Note a general decrease in displace-
ment as the channel width increased. Fibronectin channel widths ranged
from 20 µm to 400 µm. The white bar denotes 100 µm. Figure courtesy of
Leong Man Chun and Dr Vedula Sri Ram Krishna.
energy Ω and the extent of polarization µ are low, as shown in Figure 24.
Increasing either parameter was sufficient in generating motility, indicating
that either strong adhesion between cells and substrate or the ability of the
cell to migrate in a polarized fashion is sufficient for generating motility. The
presence/absence of migration can be explained as the result of competition
between cell-substrate adhesion, extent of polarization and the elasticity of
the cell κ. To lower the energy of the system, cells extend into the empty
adhesive substrate to increase the total adhered area in the system, therefore
initiating cell migration. However, this also leads to an increase in the cell
area, causing an increase in the energy of the system due to the elasticity
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Figure 22: Time lapse of migrating cells simulated over 200 MCS for adhesive
substrate channel width of 40 lattice points, which is equivalent to 10 cell
diameters. Cells are shown (A) at the start of the simulation, (B) after 50
MCS (5 h), (C) after 100 MCS (10 h), (D) after 150 MCS (15 h), and (E)
after 200 MCS (end of simulation, 20 h). Black arrow at the bottom right of




Figure 23: The figures show the cells at the end of the simulations, that is
after 200 MCS, carried out at µ = 10, Ω = 20, and τ = 2 (black arrow at
the bottom right represents velocity of 1 lattice point per MCS, which cor-
responds to about 50 µm h−1). The cells migrated onto the empty adhesive
substrate while avoiding the non-adhesive substrate flanking each adhesive
substrate channel. Adhesive substrate channel widths of (A) 4, and (B) 80
lattice points are shown here, corresponding to 1 and 20 cell diameters. The
instantaneous velocity vectors are also shown for each cell. Note that the
velocity vectors for the narrow channels are larger than that of the wider
channels, thus reflecting a loss in velocity as the adhesive substrate channel
width was increased. Correspondlingly, cells in the narrow channels mi-
grated more than the cells in the wide channels. Also, cells are seen moving
in clusters whose directions were not always aligned to the general direction
of motion of the cell sheet, that is along the major axis of the substrate
channel. Examples of such clusters are highlighted by the white circles.
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Figure 24: Cell migration stalls after initial motion. Simulation was carried
out at µ= 0 and Ω = 5 for adhesive substrate channel width of 1 cell diameter.
(A) Cells at the start of the simulation. (A) Cells after 8 MCS (48 min).
Velocity vectors are also shown for each cell, with black dots indicating that
cells did not move. (A) Cells after 16 MCS (96 min). Note that the cells
have stopped moving. (D) Cells after 200 MCS (20h). No further migration
was observed.
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term in Equation 10. A low cell-substrate adhesion energy therefore leads to
an overall increase in the energy of the system and it becomes energetically
unfavourable for the cell sheet to migrate. This increase in energy, however,
can be offset by a high value for the extent of polarization, which lowers the
energy of the system, thus inducing motility in the cells. The lack of migra-
tion onto less adhesive substrate has been documented by experimentalists.
In particular, Jiang et al. showed that fibronectin deposition could enhance
migration in hepatocyte growth factor stimulated MDCK cells [124]. Palecek
and colleagues also showed that migration of single cells can be modulated
by changing the fibronectin concentration of the substrate [182]. The role
of cell polarity in migration has been described by Etienne-Manneville and
Hall [76]. Dow and colleagues [62] showed that the polarization of cells me-
diated by the positioning of the microtubule organizing center (MTOC) can
mediate the migration of epithelial cells in a wound-healing assay. Reffay et
al. also showed that the loss of polarity in cells induced by the removal of
the lamellipodium can lead to decreased migration of the cell sheet [201].
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4.3.2 Migration velocity and correlated movement are controlled
by extent of polarization and geometrical constraints
The simulation results show that increasing the substrate channel width re-
sulted in a general reduction in the v component of the velocity for different
values of the extent of polarization and the cell-substrate adhesion energy,
as shown in Figure 25A. This reduction in the migration velocity of the cell
sheet was also observed in the experiments, as shown in Figure 25B. The de-
pendence was diminished when the value of the extent of polarization µ was
reduced, but was not affected by the duration of the time delay τ used for the
determination of the cell polarization direction. This indicates that extent of
polarization is the key factor in generating this dependence of velocity on the
adhesive substrate channel width. The extent of polarization enabled cells
to move according to their own migratory patterns on top of moving within
physical barriers imposed by geometrical constraints. This led to amplifica-
tion of the differences in migration velocities, resulting in larger differences
in migratory speeds along the long axis of the adhesive substrate channel.
Due to the geometrical constraints, it was energetically unfavourable for cells
to migrate in the u direction, leading to low u component of cell migration
velocities.
Observation of the migratory patterns of the cells in the simulations revealed
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Figure 25: (A) The migration velocity decreased as the adhesive substrate
channel width was increased. This dependence was amplified when larger
value of the extent of polarization µ was used. The velocity was almost
constant when the value of µ was set to zero. In this simulation, 10 MCS
corresponds to about 1 h. (B) Velocity of the cell obtained from experiments
displayed a similar decrease as the adhesive substrate channel width was
increased. Figure courtesy of Leong Man Chun and Dr Vedula Sri Ram
Krishna.
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that cells were migrating in clusters especially when moving on the wider
adhesive substrate channels as seen in Figure 23A. This suggests a possible
correlation in the migration velocities, which became more apparent at larger
adhesive substrate channels. Analysis of the correlation function of the mi-
gration velocities showed that the correlation length of the v component of
the velocity was higher than that of the u component of the velocity, as seen
in Figure 26. Furthermore, the correlation length of the u component of the
velocity increased with the width of the adhesive substrate channel. Such a
trend was also observed in the experiments, as shown in Figure 26B.
The variations in the correlation length of the u and v components of the
velocity can be explained by looking at the main influences of migration in
this study: the extent of polarization, the geometric constraints of the adhe-
sive substrate, and the cell-substrate adhesion. The constraints imposed on
the width of the adhesive substrate caused the cells to be unable to migrate
in the u direction. This meant that changing the extent of polarization had
little effect as the component of the velocities were small. Instead, the geo-
metric constraints of the adhesive substrate became the main factor affecting
the correlation lengths, resulting in an increase in the correlation length of
the u-velocity as the adhesive substrate channel width increased. In the
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Figure 26: (A) Simulation results showed that the correlation length of the
u component of the velocity increased with increasing adhesive substrate
channel width, with no change induced when the extent of polarization µ was
varied. The correlation length of the v component of the velocity, however,
showed a reduced dependence on adhesive substrate channel width when the
value of µ was high. (B) Correlation lengths obtained from experimental
results showed similar trends.
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from moving in the u-direction. As a result, the correlation length of the
v-velocity increased with adhesive substrate channel width when the value
of µ was set to zero. However, a non-zero value of µ meant that the cells
were able to direct their motility based on their polarity. This persistence in
their motion also meant that the cells were less influenced by the presence
of physical barriers, causing the correlation length of the v component of the
velocity to be less responsive to increasing adhesive substrate channel width.
Thus, the correlation length of the v-velocity decreased and became almost
constant as the extent of polarization was increased.
4.4 Conclusion
This study has shown that the migration of cell sheets is faster on smaller
adhesive substrate channel widths, with migration stalling when the cell-
substrate adhesion and the extent of polarization are low. This is likely due
to an insufficient lowering of the energy of the system when the cells attempt
to extend into the empty adhesive substrate, which inevitably requires energy
as the cells deviate from their preferred cell area. The role of polarization
has been shown to be important in directed single cell migration [206] and
this study shows that the same goes for collective cell migration. Interest-
ingly, polarization not only increases the migration of cells in the preferred
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direction, it also results in differences in migratory speeds when cells migrate
on substrates of different sizes. The tendency of cells to continue in their
original direction of motion leads to the cell sheet behaving as clusters of
moving cells instead of a single aggregate of cells moving together. This is
demonstrated by the lack of dependence of the correlation length of the v
component of the migration velocity at a high value of µ. While this study
shows that polarization can mitigate cell sheet movement, cell polarity is
determined phenomenologically in this model without execution of an exact
mechanism. A recent study showed that the positioning of the MTOC can
be affected by cell shape and the amount of acto-myosin contractility [114].
An improvement to this model would be to incorporate this coupling of the
positioning of the MTOC in the cell to the cell shape and acto-myosin con-
tractility of the cell, and therefore determine the cell polarization direction
based on the MTOC.
Experiments can also be done to investigate the role of the extent of polariza-
tion in cell sheet migration. One way would be to create a mutant that does
not position the MTOC correctly and repeat the experiments on adhesive
substrate of different widths. Without correct positioning of the MTOC, the
decrease in migration velocity for increasing adhesive substrate width should
be reduced. While the addition of blebbistatin can reduce the acto-myosin
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contractility of the cell and in doing so, reduce the polarization of the cell,
there are other peripheral effects such as the alteration of cell-substrate adhe-
sion since the formation of nascent adhesions have been shown to be sensitive
to myosin force exertion [107, 265]. Another way of altering the propensity
of the cell to polarize is to fix the actin cytoskeleton, for instance by the
inactivation of ADF/cofilin which depolymerizes actin filaments. Work by
Dawe et al. showed that the inactivation of ADF/cofilin can lead to the loss
of cell polarity [51]. Cell polarity can also be controlled by the Rho family of
GTPases. For example, studies have shown that Rac and Cdc42, both Rho
family GTPases, localize to the lamellipodium during migration and aids in
the determination of cell polarity [206, 183, 75]. Inhibiting the activity of
Rac and Cdc42 can therefore lead to the loss of cell polarity and should lead
to a reduced dependence of the cell sheet migration velocity on the width of
the adhesive substrate channel.
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5 Conclusion
Through the use of mathematical models and computational methods, I have
shown that cell migration is a process dependent on the regulation of the actin
cytoskeleton, which alters itself according to feedback from the surroundings.
This feedback can come in many forms, such as chemical factors which can be
released by other cells into the extracellular environment. Growth factors are
a particularly important family of chemokines, as they have been shown to
increase the motility in cells through remodelling of the cytoskeleton. Chap-
ter 2 of this thesis studies the effect of the platelet-derived growth factor
(PDGF) on the different forms of actin in the cell, in particular the actin that
forms circular dorsal ruﬄes (CDR), the stress fibers that have formed earlier
during seeding of the cell on the substrate, and the monomeric actin in the
cytoplasm. The exposure of the cell to PDGF led to the activation of the Rho
family GTPase known as Rac, which resulted in the downstream activation
of WAVE1 which then bound to and activated Arp2/3, a potent nucleator of
branched actin networks in the cell. At the same time, Rac can cause the de-
activation of another Rho family GTPase, known as Rho, by the activation
of the p190B Rho GTPase-activating protein [33], a known Rho inactiva-
tor. The inactivation of Rho leads to the destabilization of mDia1-nucleated
stress fibers, where mDia1 is known to nucleate bundled actin filaments. By
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increasing the pool of actin monomers through Rho-mediated stress fiber
depolymerization, and activation of Arp2/3 through PDGF-stimulated Rac
activation, CDRs can be observed on the dorsal surface of fibroblasts. Yet,
this cannot explain the circular nature of CDRs as opposed to a patch-like
formation. I showed that the circular nature of CDRs can be generated by
the introduction of negative feedback through a Rac-activated Rac GTPase-
activating protein which I call WGAP, the latter causing the inactivation
of Rac. By reducing the complete model of the signalling pathway to two
equations involving only Rac and WGAP, it can be shown that the appear-
ance and subsequent disappearance of CDRs is a transient phenomenon in
a system where the only stable state is that of low Rac and high WGAP
levels. Upon PDGF stimulation, Rac is quickly activated, leading to the
rapid appearance of CDRs. The levels of Rac quickly saturate and remain so
until the amount of WGAP activated is sufficient to cause the inactivation
of Rac, leading to the disappearance of CDRs. Introduction of the moving
frame to explain the spatial growth and shrinkage of CDRs showed that the
phenomenon can be likened to a wave passing through excitable media, much
like signal propagation in nerve cells.
Apart from chemical-induced changes in the cell, the cell can also probe its
mechanical environment and alter its behaviour correspondingly [151, 98].
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This can be achieved through the translation of mechanical information into
chemical signals within the cell. Section 2.3.2 showed that by increasing the
substrate stiffness and therefore elevating the focal adhesion kinase (FAK) ac-
tivation in the cell [89, 129] prior to PDGF stimulation, the lifetime of CDRs
can be increased without changing the size of the CDRs. This was also shown
in the experiments detailed in Section 2.2.5. Such an effect is achieved, once
again, by modulation of the Rho family proteins in the cell. The increased
amount of FAK can cause an increase in Rho activation, therefore heighten-
ing the amount of stress fibers in the cell. This causes a heightened amount
of actin released into the actin monomer pool upon PDGF stimulation which
can be incorporated into CDR actin, therefore prolonging the lifetime of the
CDRs. Such an observation suggests that increased motility on stiffer sub-
strates can be a result of increased actin monomer availability during cell
migration. Increased stress fiber formation when cells are seeded on stiffer
substrates can contribute to the actin monomer pool during cell migration,
therefore increasing the amount of lamellipodial branched actin network for-
mation and augmenting the protrusive activity in the cell. While effective
cell migration must include the deadhering of the rear of the cell, an increase
in lamellipodium protrusion can increase the force generated at the front of
the cell and thus contribute to increased cell migration.
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The study of CDR dynamics clearly outlines the importance of protein inter-
actions in the cell in controlling cell migration. However, it is important to
note that motility requires force exertion to pull the cell forward. Actin-based
lamellipodium protrusion, as mentioned in this Chapter and Section 1.3.1, is
an important mechanism in the migration of many cell types such as fibrob-
lasts and keratocytes as described in Section 1.3.4. Apart from the chemical
signals that control actin polymerization, effective protrusion can be affected
by the forces exerted on the actin network in the lamellipodium. These
forces can not only cause a translation in the actin network, they can also
led to configurational changes in proteins and lead to activation of down-
stream signals. One such protein is the p130Cas [94, 218], which localizes to
focal adhesions and has been shown to open up when forces are exerted to
the ends of the protein. The protein can then serve as a scaffold protein for
other proteins that can cause the maturation and strengthening of the inte-
grin clusters in the focal adhesion. Chapter 3 tested this hypothesis through
a model that monitors the translation of the barbed end of actin as a function
of actin polymerization, force exertion by myosins and the reaction force ex-
erted by integrins, while the activation of integrins is modulated by the force
exertion by myosins and the amount of stretch generated in stretch-sensitive
proteins that are anchored to the integrin clusters at one end and actin net-
work at the other. By changing the substrate stiffness, the translation of
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integrin clusters can be altered, therefore affecting the amount of stretch in
the stretch-sensitive proteins. This is another example of how the cell can
interpret information from its mechanical environment and translate it into
chemical signals in the cell. The model shows that the barbed end of the
lamellipodial actin network can exhibit three different behaviour as a result
of the competing forces exerted by myosins and integrins. With high levels
of myosin activation relative to integrin activation in the lamellipodium, the
actin network is pulled back rapidly, leading to the unstable retraction of the
lamellipodium. This has been seen by experimentalists when cells are seeded
on soft substrates, described as ruﬄing [98, 99]. This agrees with my model,
which suggests that soft substrates lead to a reduction in integrin activation
due to stretch-sensitive proteins. Such behaviour leads to a reduction in ef-
fective protrusion and indeed, experiments by Lo et al. [151] show that cells
tended to migrate out of softer substrates, which can be a result of decreased
effective protrusive behaviour when cells are on the softer substrate. When
seeded on sufficiently stiff substrates, periodic protrusion-retraction cycles
can be generated, which have also been experimentally observed by Gian-
none et al. [98, 99]. This is a result of comparable amounts of integrin and
myosin activation, which leads to only a short retraction period when myosins
are activated before the actin network tears due to high tension in the net-
work. At the other extreme, when integrin activation is high, retraction of
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the actin network is not possible due to the high reaction force generated by
the integrins and results in continuous protrusion of the lamellipodium. The
phase diagram in Figure 16 shows how the substrate stiffness and the activa-
tion rates of integrin, both myosin dependent and independent, interplay to
generate unstable retraction, periodic protrusion-retraction, and continuous
protrusion of the actin network in the lamellipodium.
The study of lamellipodial dynamics using a mechanochemical model pro-
vides a clear mechanism in which forces can lead to not just physical transla-
tions of the different parts of the cell but also changes in protein activation.
That other researchers have proposed different mechanisms for the oscillatory
behaviour of the lamellipodium [72, 226] suggests that it is likely the cell uses
multiple mechanisms to give the same final result. Different mechanisms can
vary in sensitivity to different stimuli, and this allows the cell to optimize its
behaviour based on the combined feedback from various sources. In the case
of the lamellipodium, the substrate stiffness felt through the stretch-sensitive
protein, the membrane curvature felt through the curvature-sensitive proteins
in the membrane as proposed by Shlomovitz and Gov [226], and proteins
which bind the actin cytoskeleton to the membrane used in the model pro-
posed by Falcke’s group [72] can all contribute to the dynamics of the actin
cytoskeleton in the lamellipodium to produce net movement of the cell.
136
Cells do not exist as solitary entities in the physiological system. The in-
teractions of cells migrating together can lead to phenomenon which cannot
be observed when looking at single cell migration. In Chapter 4, I used
the Cellular Potts Model (CPM) to simulate the migration of a continu-
ous two-dimensional sheet of cells on geometrically constrained substrates.
Increasing the width of the adhesive substrate caused the migration veloc-
ity of the cells to decrease. This result is also seen in experiments using
Madin-Darby Canine Kidney (MDCK) epithelial cells seeded on fibronectin
channels of different widths. Another interesting feature in the experiments
is the appearance of swirling groups of cells, not necessarily moving in the
general direction of the entire cell sheet, seen in larger substrate channels.
Analysis of the velocity field from particle image velocimetry (PIV) showed
that the velocities can be correlated up to approximately five cell diameters.
The correlation length of the velocities in the direction perpendicular to the
major axis of the substrate channel was shown to increase with the width of
the channel while correlation length in the other direction stayed constant.
Simulation results showed that while the cell sheet was able to migrate into
the substrate channel, cell polarity played an important role in creating the
velocity’s as well as the velocity correlation length’s dependence on the sub-
strate channel width. In the absence of cell polarity, the dependence of the

























Figure 27: This figure illustrates the different aspects of cell migration studied
in this thesis, namely the mechanical and biochemical factors contributing to
cell migration at the actin cytoskeletal level, cellular level, and tissue level.
is introduced phenomenologically (using the earlier displacements to obtain
the past direction of migration), the results show that active remodelling of
the cell’s cytoskeleton to generate biased migration can lead to differences in
both single and collective cell motility.
In short, I have shown that both mechanical and biochemical factors can
regulate cell motility at three different levels, as summarized in Figure 27.
At the level of molecular interactions, actin reorganization can be modulated
through Rac and Rho as well as substrate stiffness. At the cellular level, the
control of single cell migration can occur via variation of integrin activation
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rates and substrate rigidity. Last but not least, the regulation of collective
cell migration can be achieved changing the geometry of the extracellular
environment or the extent of cell polarization.
5.1 Future work: where can we go next?
While these three studies have contributed to our understanding of cell mi-
gration both single and collective, a lot of questions remain unanswered.
Another actin structure which could be involved in cell migration is the in-
vadopodia. Studies have shown that invadopodia are especially prevalent in
invasive cells and present sites for the degradation of the extracellular ma-
trix to make way for cell migration [27, 260, 48]. An interesting study by
Alexander et al. showed that the rigidity of the extracellular matrix can
affect the activity of metalloproteases at the invadopodia [2]. This suggests
that a possible function of the invadopodia is to form adhesions, on top of
degrading the extracellular matrix, which can provide the cell with informa-
tion about the surroundings and therefore regulate the migration of the cell
in 3D. Mathematical modelling could help in the understanding of the role of
invadopodia especially in cell migration in 3D, by studying the relationship
between membrane removal during the uptake of extracellular matrix and
formation of membrane protrusion for migratory purposes.
139
As discussed in Section 1.3.1, filopodia can serve as probes for the cell to
obtain information about its surroundings. Though the lamellipodium and
filopodium have been studied in detail separately, the interactions between
these two structures which are made from different actin structures (lamel-
lipodia contain branched actin networks, filopodia are typically formed from
bundled actin filaments) to generate motility in the appropriate direction re-
main to be investigated. Adding to the picture, CDRs are also found at the
front of the migrating cell and likely draw actin from a common pool of actin
monomers as lamellipodia and filopodia. Other actin structures which could
affect actin turnover include the invadopodia mentioned above. Mathemati-
cal modelling can aid in the understanding of how these different structures
interact with each other and the effects on cell migration. Such a study
can be experimentally challenging as chemical agents often affect actin on a
global scale, and therefore distinguishing the correct structure which led to
changes in cell behaviour upon chemical perturbation can be tricky.
Investigating motility in two dimensions can help us understand the different
modes in which the cell moves, and the mechanisms which lead to the cell
migration in response to external factors, both biochemical and mechanical
in nature. Having said that, an important point to note is that cell migration
in vivo usually occurs in three-dimensional space, which can be different from
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migration on a two-dimensional substrate [87, 271, 50]. The Cellular Potts
Model used in Chapter 4 to study 2D cell sheet migration can be extended
to study migration of cells in 3D confined spaces. While the CPM has been
extensively used in the study of cancer growth and angiogenesis of cancer
tumours [210, 250, 155, 17], the migration of cancer cells in confined 3D
geometries is still an issue to be resolved. Such a system is analagous to the
scenario investigated in Chapter 4.
In all, I have investigated the ways in which the actin cytoskeleton can be
regulated, in particular through the Rho family of GTPases which was inves-
tigated in Chapter 2, and through the translation of information about the
mechanical environment of the cell, such as substrate rigidity, into chemical
signals that can be read by the cell. Through the dynamics of the actin
cytoskeleton, the cell is able to alter its lamellipodial activity, as studied in
Chapter 3 and thus regulate its own motility. This can lead to coordinated
movement in collective cell migration, as shown in Chapter 4, where the ex-
tent of polarization of the cell can influence the migration velocity of the
entire cell sheet as well as the dependence of the cell sheet’s migration veloc-
ity on geometrical constraints. The integration of information at these three
different scales would help in the complete understanding of cell migration.
This can be done by developing a 3D model that incorporates mechanisms
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for cells to take in information about their surroundings, for example us-
ing the stretch-sensitive protein utilized in Chapter 3 or growth factors. The
feedback from the surroundings can then be translated into biochemical mes-
sages, such as the activation of Rac and other downstream proteins, which
can lead to the polarization of the cell via actin reorganization and thus gen-
erate the coordinated movement of cells migration. Such a model could aid
in the understanding of cell migration in physiological context, for instance
in movement of metastatic cancer cells from the circulatory system into sec-
ondary tumour sites. With such information, researchers would be able to
develop better strategies in the management of cancer and other diseases.
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